COMPUTING BASIS OF SOLUTIONS OF ANY MAHLER
EQUATION

COLIN FAVERJON AND MARINA POULET

In the paper [FP25b] we provide an algorithm to compute a fundamental matrix
of solution to any linear Mahler system ¢,(Y) = AY, where A € GL,,(K((2))), ¢p
denotes the map z — zP and K is any field. Our main contribution is the computation
of a pair (P, ©) such that

¢p(P)O = AP,

P is a non-singular matrix whose entries are Puiseux series with coefficients in K
and © € GL,,(K[z7!]) is a block upper triangular matrix with constant diagonal
blocks. Algorithm 1 [FP25b] returns the first coefficients in the Puiseux expansion
of P and the matrix © for such a pair (P,0). When K is an effective field of
characteristic 0 and A(z) has entries in K(z), this algorithm has been implemented
in Python by the authors: https://github.com/CFaverjon/Mahler-Systems/blob/
main/Algorithm_FundamentalMatrixSolutions_MahlerSystems.py. Once the out-
put of this algorithm is known, computing a fundamental matrix of solutions for the
Mahler system ¢,(Y) = AY becomes straightforward, as explained in [FP25b].

In this note, we present the output of our implemented algorithm for various exam-
ples found in the literature.

Example 1. A system associated to the Rudin-Shapiro sequence (Sequence A020985
in the OEIS) is the 2-Mahler system with matrix

A(z) = G _ZZ> .

Our algorithm returns an admissible pair (P, ©) with

422 —4z% +22 -2 , 2 4—1/
P_<—4z —222+62’—2>+O(2)7 and © = 0 . .

Example 2. A system associated to the Baum-Sweet sequence (Sequence A086747 in
the OEIS) is the 2-Mahler system with matrix

Our algorithm returns an admissible pair (P, ©) with

10 01
P = (O 1) +0(z), and ©O= (1 0) .
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Example 3. In the paper [CDDM18], a running example is the 3-Mahler system with
matrix

0 1
A= ( 28(142)(1—221 —230) 1228 _,31_,37_ .40 .
3
z

(1—23+20)(1—27—210)  23(1—23+20)(1—27—21)

Our algorithm returns an admissible pair (P, ©) with

329 — 228 4257

19 17 15 13 11
22 —z2z2 +z22 —z2 4+ 22

4 9 7 5 3 1 _1

P= —228 425 — 24 4 23 —22 422 —22 422 —z3 4272 + 0219
9 5 g 3 3
z ‘ —22 4+ 22 —z2 4+ 2z 2

and © = L.

Example 4. In characteristic 3, the system associated with the Carlitz’s function f;

is the 3-Mahler system
0—23 9—23
A(z) = ( 0 1 ) .

Our algorithm returns an admissible pair (P, ©) with

P_<(1) (1)>+(’)(z), and @_<g f)

Example 5. The first example given in Section 8 of the paper [FP25a] is the 2-Mahler
system with matrix

0 1
A(z) = <_1+8z z2+z3+z7) .

z 28

Our algorithm returns an admissible pair (P, ©) with

—5215 4 1721 — 5213 — 3212 7215 — 2921 £ 9213 £ 7212 — 41!
4221 43210 329 328 — 2,7 —7219 4+ 52% 4 728 4 427
1 4820 —32° — 2t — 23 —1625 +72° — 2% + 528
P = 5 4322 -2z — 27 42,7273 T2 44y —24 27 4273 +(’)(zl6)
—32' 412212 — 5210 — 326 5214 — 20212 49210 — 228 £ 726
4524 =322 41— 224274276 —02% 4522 — 342247446

and

-4 1)

Example 6. Let a,, be the nth integer whose 3-adic expansion contains no 1 (Sequence
A005823 in the OEIS). The sequence (a,) lists the numerators of the left endpoints of
the triadic Cantor set. As a 2-regular sequence it has an associated 2-Mahler system,
which is the system with matrix

4z+1 z—2
2 2
A(Z) — (32 tf;erB z +%z+1 > .
322462+3  322+62+3

Our algorithm returns an admissible pair (P, ©) with

10 L9
— (3
P = <O 1> +0(z), and ©O= <0 1 ) .



Computing fundamental matrices of solutions of Mahler systems 3

Example 7. Let a, denote the number of distinct factors of length n in the Thue-
Morse sequence. According to [Du93], the characteristic series of (a;) is solution of
the 2-Mahler equation

(229 — 228 4220 — 22 4+ 23 + 22 — 2)h(2)

+ (—2211 — 2210 229 1428 427 425 1325 1324 — 623+ 22+ 2+ 1) h(z%)

+ (4213 — 4212 4 821 4210 4% 44T — 420 1825 — 52 4823 — 622 + 42 — 3) h(z%)
— (42t — 4210 1429 — 228 £ 827 — 820 4825 — 42t + 423 — 422 + 42— 2)n(B) = 0.

The associated companion matrix admits an admissible pair (P, ©) with

S AT IR s S 0 01

P = 1_ 322 ~1 722 T +0(%, and ©=|-1 1 1
4 4 4 4 1 3

1 1 15 —= 0 =

3 ] 2 2

Example 8. The sequence of “Euclidian matching” introduced in [Du93, Example 88|
is related with the 2-Mahler system with matrix

23—222—2 2342 —24 42842242
23422—2—1  2242z+1 23422—2—1
A(Z) — 2342 —2°4z —2z2
23422—2—-1  2242z+1 23422—2—1
—2z° 2z 2°4z

23422—2—1  2242z+1 23422—2—1

Our algorithm returns an admissible pair (P, ©) with

423+2z2 52% _|_z% _|_z% 1T“sl _1_,3% _'_z%
5 T 5 6 2 T 6 2 T 6
P = 3 322 z 52% 2237 z% 1— % z% O 4
I i e e s S okl ol IS (%),
7 8 5
PLEE N R
and
1 0 0
0 01
010

Example 9. The sequence with general term vs(n!) is 5-regular. It is associated with
the 5-Mahler system whose matrix is

1 (26z4 +2122 416224+ 112+6 —2521 — 1923 — 1322 —72—1 424 4+ 322+ 222 4+ 2 )

52 +52° +52° + 52+ 5 0 0
a(2) \ —752% —502% — 2522 +25  O52% +655% + 3522 + 52— 25 —152% —105° — 522 + 5
where a(z) = 528 + 1027 + 152% 4 202° 4+ 252* + 2023 + 1522 + 102 + 5. Our algorithm
returns an admissible pair (P, ©) with

100 s 1o
P=|0 1 0|+0(2), and ©=|1 0
0 01 5 =5 1

Example 10. The sequence whose general term in the sum of bits it the Gray code
(see [AS92, Example 15]) representation of n is associated with the 2-Mahler system

with matrix
224242 —1
_ 3 2 1 211
Afz) = | FHEFFT ),

234224241 2241
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Our algorithm returns an admissible pair (P, ©) with

(z+2 22 -1

9 22+Z_1>+(’)(z3), and ©=1I,.

Let us explain on this example how one can compute further terms in the expansion
of P(z). Using the equality

P(z) = A(2)T'P(2%)0 = A(2) 7' P(2?)

that the valuation at z = 0 of A7!(2) is —1, and writing P(z) = Y00, P,2", we
observe that P, for n > 2, corresponds to the coefficient of z™ in the expansion of

Az) NPy + 2P+ -+ 2215 Py

Using this recursive formula and using the initial values Py, P, P», we derive the

following expansion for P(z) up to z'°
2210 O T S a4 2 3210 4229 + 28 4 20 425 420 422 -1
—2210 929 92,549 3280 4329 + 28 4 2T 42543+ A1)

Example 11. The Tower of Hanoi morphism on the alphabet {a,b,c,@,b,c} [AS03,
§ 6.4] is given by:

a—aé, b—cb, c—ba, a—ac, br—cb, ¢ ba

It is associated with a 2-Mahler system whose matrix is

1 —z 22
z3+1 2331 z3+1
z 1

—z
2341 2341 2341
ZJ; z%L —z
28425 28425 2341
T -z —1

2341 2341 zi+z
—z z°

Onikr O O O O
O OnRr O O O

2341 242 28440

O O O O O

z
244z 2341 2341

Our algorithm returns an admissible pair (P, ®) where P is equal, modulo 2%, to

22422 2B4+1 4z 2 +1 24z 22+ 22
A4z 2422 241 22 + 22 241 2+ 2
2+1 24z 5422 242 25 + 22 241
P42 B+l 4z 23 +1 242 P+ 224+1/2
4z P+ B41 P+ +1)z 23 +1 24z
B4+1 Atz 25422 2tz P 4+224+1/2 23 +1
and
001 1/z 1 0
010 1 0 1/z
o_ |1 00 0 1z 1
000 -1 0 0
00 0 O 0 -1
o000 0 -1 0



Computing fundamental matrices of solutions of Mahler systems 5

Let us compute the matrices H and e¢ in that case. We can transform © into an upper
triangular matrix, which yields a new pair where P is replaced with PQ~!, where

5-1 01 0 0 0
0 1000 0
1 0100 0
Q=109 0010 0
0 000 1 —1
0 0001 1
and © becomes
-1 0 0 —1/z —1+4& %
0 10 1 —12%2 5=
o o1 1 5 1+ 4
0 00 -1 0 0
0 00 O 1 0
0 00 O 0 -1

Using Algorithm 2 in [FP25b], we obtain that

100 & -3¢, —3&
010 0 -3 %s_l
gl 001 €& 36 3,
00 0 1 0 0
0 00 O 1 0
000 O 0 1

1 1
where & = > ;52 2F and §; = Z,Ql(—l)kz_?k. Last, using Algorithm 3 in
[FP25b], we obtain

ecr, 00 0 S-1/2 0
0 10 $-% 0 0
co— |0 01 0 0 ;-5
0 00 e 0 0
000 0 1 0
000 0 0 e_1

In fine, the matrix PQ 'Hec is a fundamental matrix of solutions to the 2-Mahler
system with matrix A(z).
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