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Abstract. This paper is a companion to our previous work [FR25]
and focuses on the asymptotic growth of the logarithmic Weil height of
the coefficients of Hahn series solutions to Mahler equations. Extending
recent results of Adamczewski, Bell, and Smertnig on power series so-
lutions of Mahler equations, we show that five distinct types of growth
behavior can occur. We further prove that three of these growth behav-
iors correspond to specific automaticity or regularity properties, remi-
niscent of the notions of ϕ-biautomaticity and quasi-ϕ-biautomaticity
introduced by Kedlaya in his description of the algebraic closure of the
field of Laurent series over an algebraically closed field of positive charac-
teristic. As a consequence, we obtain an alternative formulation of the
purity theorem à la André and Chudnovsky–Chudnovsky for Mahler
equations established in [FR25]. In particular, we show that the min-
imal Mahler equation associated with a regular Hahn series admits a
basis of solutions whose elements also satisfy the corresponding regular-
ity property.
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1. Introduction

We let p ě 2 be an integer. The present work takes its source in the
recent paper [ABS23] in which Adamczewski, Bell and Smertnig conduct
an in-depth study of the asymptotic growth of the coefficients of p-Mahler
power series, as measured by their logarithmic Weil height. By p-Mahler
power series, we mean a power series fpzq P Qrrzss with coefficients in the
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field of algebraic numbers Q satisfying a linear p-Mahler equation, that is a
linear functional equation of the form

(1) a0pzqfpzq ` a1pzqfpz
pq ` ¨ ¨ ¨ ` ampzqfpz

pmq “ 0

where a0pzq, . . . , ampzq belong to the field

K8 “ Qpz
1
‹ q “

ď

kPZě1

Qpz
1
k q

of ramified rational functions and are such that a0pzqampzq ‰ 0. More
generally, in the rest of this paper, by p-Mahler Laurent series (resp. Puiseux
series, Hahn series, etc.), we will mean a Laurent series (resp. Puiseux series,
Hahn series, etc.) satisfying a functional equation of the form (1). The study
of Mahler equations has developed into a rich and rapidly evolving area of
research. The main result of [ABS23] is the following striking height gap
theorem.

Theorem 1.1 ([ABS23, Theorem 1.1]). The sequence of coefficients pfkqkě0

of any p-Mahler power series fpzq “
ř

kPZě0
fkz

k P Qrrzss satisfies one of
the following mutually exclusive properties:

pOΩ1q hpfkq P O X Ωpkq;
pOΩ2q hpfkq P O X Ωplog2 kq;
pOΩ3q hpfkq P O X Ωplog kq;
pOΩ4q hpfkq P O X Ωplog log kq;
pOΩ5q hpfkq P Op1q.

We have denoted by hpαq the logarithmic Weil height of α P Q, i.e.,
hpαq “ logHpαq where Hpαq is the Weil height of α. We refer to Section 3
for details and references, and simply note here that these quantities are
intended to capture the arithmetic “size” of α. For instance, if γ “ a

b is
a rational number written in lowest terms, then hpγq “ log maxt|a|, |b|u.
Moreover, for any pakqkě0, pbkqkě0 P RZě0 , the notation ak P Opbkq means
that there exists C ą 0 such that, for all but finitely many k P Zě0, we have
|ak| ď C|bk| and the notation ak P Ωpbkq means that there exists c ą 0 such
that, for infinitely many k P Zě0, we have |ak| ą c|bk|. Last, the notation
ak P O X Ωpbkq means that ak P Opbkq and ak P Ωpbkq.

In addition to Theorem 1.1, Adamczewski, Bell and Smertnig have estab-
lished the remarkable fact that the p-Mahler power series satisfying pOΩ3q,
pOΩ4q or pOΩ5q correspond to the generating series of classical classes of
sequences. Their result can be stated as follows (we refer to Section 8 for
further details and the relevant definitions).

Theorem 1.2 ([ABS23, Theorem 1.2]). Let fpzq P Qrrzss be a p-Mahler
power series. The following hold:

‚ fpzq is p-regular if and only if fpzq satisfies pOΩ3q, pOΩ4q or pOΩ5q;
‚ fpzq is p-automatic if and only if fpzq satisfies pOΩ5q.

Now, let us turn to the content of the present article.

1.1. p-Mahler equations and Hahn series. Theorem 1.1 can be easily
extended to Puiseux series; see Proposition 5.2. However, much more com-
plicated series arise in the context of p-Mahler equations. This can already
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be observed on the following simple order 1 (inhomogeneous) p-Mahler equa-
tion:

(2) fpzpq ´ fpzq “ z´1.

Indeed, it is easily seen that (2) has no Puiseux series solution but, if we
permit series with arbitrary denominators in their exponents, we find the
following solution:

(3)
ÿ

kě1

z
´ 1

pk .

The latter series belongs to the field

H “ QppzQqq
of Hahn series with coefficients in Q and value group Q; see Section 2 for
details and references. It turns out that Hahn series are central to the theory
of Mahler equations as shown by the following result: the difference field
pH , φpq, where φp is the field automorphism of H sending fpzq on fpzpq,
has a difference ring extension pR, φpq with field of constants Rφp “ tf P

R | φppfq “ fu equal to Q such that

‚ for any c P Qˆ, there exists ec P R which is not a zero divisor
satisfying φppecq “ cec;

‚ there exists ` P R satisfying φpp`q “ `` 1;
‚ any p-Mahler equation of the form (1) has m Q-linearly independent
solutions y1, . . . , ym P R of the form

(4) yi “
ÿ

pc,jqPΞ

fi,c,jec`
j

where the sum has finite support included in Ξ “ QˆˆZě0 and the
fi,c,j P H are p-Mahler Hahn series.

See [Roq21, Roq24].
This result motivates the following definition.

Definition 1.3. We will call generalized p-Mahler Hahn series1 any element
y of R of the form

(5) y “
ÿ

pc,jqPΞ

fc,jec`
j

where the sum is finite and the fc,j P H are p-Mahler Hahn series.

1.2. Height gap theorem for p-Mahler Hahn series. The preceding dis-
cussion naturally raises the question of how the coefficients of the p-Mahler
Hahn series behave. In light of Section 1.1, and in particular the decompo-
sition (4), answering this question would provide a thorough understanding
of the behavior of the coefficients of solutions to p-Mahler equations. Our
main result with this respect is the following extension of Theorem 1.1 to
Hahn series.
1In [FR25], we introduced the notion of generalized p-Mahler series. As explained in
Section 6 these series coincide with the generalized p-Mahler Hahn series introduced here.
However, since we focus on the coefficients of the Hahn series involved in (4), we prefer to
refer to them as generalized p-Mahler Hahn series in this paper.
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Theorem 1.4. Any p-Mahler Hahn series fpzq “
ř

γPQ fγz
γ P H satisfies

one of the following mutually exclusive properties:
pOΩ1q hpfγq P O X ΩpHpγqq;
pOΩ2q hpfγq P O X Ωplog2Hpγqq;
pOΩ3q hpfγq P O X ΩplogHpγqq;
pOΩ4q hpfγq P O X Ωplog logHpγqq;
pOΩ5q hpfγq P Op1q.

In the previous result, we have used the following natural extensions of
the notations O and Ω recalled above. For any paγqγPQ, pbγqγPQ P RQ, the
notation aγ P Opbγq means that there exists C ą 0 such that, for all but
finitely many γ P Q, we have |aγ | ď C|bγ | and the notation aγ P Ωpbγq
means that there exists c ą 0 such that, for infinitely many γ P Q, we have
|aγ | ą c|bγ |. Last, the notation aγ P O X Ωpbγq means that aγ P Opbγq and
aγ P Ωpbγq.

Remark 1.5. 1. When fpzq P Qrrzss, each condition pOΩrq of Theorem 1.4
is equivalent to the corresponding condition pOΩrq of Theorem 1.1. Indeed,
for any γ “ k P Zě1, we have Hpγq “ k.

2. However, the following example shows that, when dealing with Hahn
series, the quantity Hpγq cannot be replaced by the usual absolute value |γ|
in the growth conditions pOΩrq of Theorem 1.4. Consider the slight variant
of (3) given by

gpzq “
ÿ

γPQ
gγz

γ “
ÿ

kě1

2kz
1´ 1

pk P H ,

which is solution of
ypzpq “ 2zp´1ypzq ` 2zp´1.

The Weil height of the coefficients of gpzq is given by

hpg1´ 1

pk
q “ hp2kq “ k logp2q.

Their growth is unrelated to the growth of the usual Archimedean absolute
value of 1 ´ 1

pk
, since the latter is approximately equal to 1. Rather, it is

related to the growth of the denominator of 1´ 1
pk
, to which the Weil height

is sensitive.

1.3. Quasi-p-regular and quasi-p-automatic Hahn series. In light of
Theorem 1.2, it is natural to ask whether the p-Mahler Hahn series satis-
fying pOΩ3q, pOΩ4q or pOΩ5q have a particular origin. It turns out that
this is indeed the case. The key concepts, introduced Section 8, are those
of quasi-p-automatic and quasi-p-regular Hahn series, which extend to Hahn
series the notions of p-automatic and p-regular power series, and are remi-
niscent of the quasi-ϕ-biautomatic Hahn series introduced by Kedlaya over
fields of positive characteristic in [Ked17]. Their origin lies in theoretical
computer science. Heuristically, quasi-p-regular Hahn series are those that,
after a gauge transformation, can be produced by a weighted finite automa-
ton reading the base-p expansion of the elements of Zrp´1sě0. Among them,
quasi-p-automatic Hahn series are precisely those for which one may take
the automaton to be deterministic. We prove the following.
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Theorem 1.6. Let fpzq be a p-Mahler Hahn series. The following hold:
(Reg) fpzq is quasi-p-regular if and only if fpzq satisfies pOΩ3q, pOΩ4q or

pOΩ5q;
(Aut) fpzq is quasi-p-automatic if and only if fpzq satisfies pOΩ5q.

Note that a Hahn series satisfies pOΩ5q if and only if its coefficients belong
to a finite set. Thus (Aut) can be restated as follows: a p-Mahler Hahn series
is quasi-p-automatic if and only if its coefficients belong to a finite set.

Furthermore, it is actually possible to distinguish between the three growth
behaviors pOΩ3q, pOΩ4q and pOΩ5q in Case (Reg) of Theorem 1.6 by con-
sidering the minimal linear representation associated with the sequence of
coefficients of fpzq; see Section 8.7 for further details.

Remark 1.7. Roughly speaking, Theorem 1.6 asserts that p-Mahler Hahn
series exhibiting “special” growth properties must have a “special” origin. This
phenomenon is in keeping with the spirit of the Bombieri–Dwork conjecture,
which predicts that the minimal differential equation satisfied by a G-function
is of geometric origin.

1.4. Purity theorem. Theorem 1.4 reveals five O-growth conditions for
p-Mahler Hahn series: we say that f “

ř

γ fγz
γ P H satisfies

‚ pO1q if hpfγq P OpHpγqq;
‚ pO2q if hpfγq P Oplog2Hpγqq;
‚ pO3q if hpfγq P OplogHpγqq;
‚ pO4q if hpfγq P Oplog logHpγqq;
‚ pO5q if hpfγq P Op1q.

We extend these growth conditions to the generalized p-Mahler Hahn se-
ries as follows.

Definition 1.8. Consider a generalized p-Mahler Hahn series

(6) y “
ÿ

pc,jqPΞ

fc,jec`
j P R

where the sum is finite and the fc,j P H are p-Mahler Hahn series. We say
that y satisfies pH ´ Orq for some r P t1, . . . , 5u if the fc,j P H involved
in (6) satisfy pOrq.

It follows from Theorem 1.4 that any generalized p-Mahler Hahn series
satisfies pH ´ O1q. Therefore, the five growth conditions pH ´ O1q to
pH ´O5q induce the following filtration on the set of generalized p-Mahler
series:

tgeneralized p-Mahler seriesu
“ tgeneralized p-Mahler series satisfying pH ´O1qu

Ľ tgeneralized p-Mahler series satisfying pH ´O2qu

Ľ tgeneralized p-Mahler series satisfying pH ´O3qu

Ľ tgeneralized p-Mahler series satisfying pH ´O4qu

Ľ tgeneralized p-Mahler series satisfying pH ´O5qu.

We are now ready to state our purity theorem guaranteeing that the mem-
bership of a generalized p-Mahler series to one of the three largest pieces of
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this filtration propagates to all other generalized Mahler Hahn series solu-
tions of its minimal Mahler equation.

Theorem 1.9 (Purity Theorem). Assume that a generalized p-Mahler Hahn
series y satisfies pH ´ Orq for some r P t1, 2, 3u. Then, the minimal p-
Mahler equation of y over K8 has a full basis of generalized p-Mahler Hahn
series solutions satisfying pH ´Orq.

Combining Theorem 1.9 with Theorem 1.6, we immediately obtain the
following result.

Corollary 1.10. Let f P H be a quasi-p-regular Hahn series. Then, its
minimal p-Mahler equation over K8 has a full basis of solutions y1, . . . , ym
of the form

yi “
ÿ

pc,jqPΞ

fi,c,jec`
j

where the sum is finite and the fi,c,j are quasi-p-regular Hahn series.

1.5. Proof strategy and organization of the paper. Section 2 starts
with a brief review of Hahn series and continues with the description of an
explicit basis pξωqωPΛst of the module of p-Mahler Hahn series over the ring
of p-Mahler Puiseux series introduced in [FR25]. This basis will serve as a
crucial tool in the proofs of our main results. Indeed, we will deduce Theo-
rem 1.4 as a special case of a more precise statement, namely Theorem 5.1,
and the proof of the latter may be summarized as follows.

‚ We first establish the result for p-Mahler Puiseux series as a direct
consequence of Theorem 1.1.

‚ We then prove it for the elements of the basis pξωqωPΛst . In this
step, we no longer appeal to Theorem 1.1, but instead rely on a
novel height gap theorem for multi-recurrence sequences established
in Section 4, which is of independent interest.

‚ Next, we prove Theorem 5.1 when fpzq is the product of a p-Mahler
Puiseux series and one of the Hahn series ξω.

‚ Finally, we prove it in full generality by carefully analyzing the in-
tersections of the supports of such products.

As preliminaries to this program, Section 3 recalls some facts about the
logarithmic Weil height of algebraic numbers. In Section 4, we establish the
height gap theorem for multi-recurrence sequences mentioned above. Finally,
Section 5 is devoted to the proof of Theorem 5.1 (from which Theorem 1.4
follows immediately), according to the strategy outlined above.

In Section 6, using Theorem 5.1, we prove Theorem 1.9 by showing that
it is equivalent to the purity theorem from [FR25].

Finally, Sections 7 and 8 are devoted to notions of automaticity and regu-
larity for sequences and Hahn series, and contain the proof of Theorem 1.6.
As in the proof of Theorem 1.4, we proceed in stages for proving Theo-
rem 1.6: first for Puiseux series, then for the elements of the basis pξωqωPΛst ,
and finally for products of both. The general case then follows easily.

Acknowledgements. The research presented in this paper was inspired by
discussions with Boris Adamczewski during the early stages of this project.
We warmly thank him. The work of the second author was supported by



HAHN SERIES AND MAHLER EQUATIONS: HEIGHT GAP THEOREM 7

the ANR De rerum natura project, grant ANR-19-CE40-0018 of the French
Agence Nationale de la Recherche.

2. p-Mahler Hahn series

2.1. Generalities on Hahn series. We recall that an element of the field
of Hahn series H is an f “ pfγqγPQ P Q

Q whose support

supppfq “ tγ P Q | fγ ‰ 0u

is well-ordered (i.e., any nonempty subset of supppfq has a least element)
with respect to the restriction to supppfq of the usual order on Q. Such an
element of H is usually (and will be) denoted by

f “
ÿ

γPQ
fγz

γ .

The sum and product of two elements f “
ř

γPQ fγz
γ and g “

ř

γPQ gγz
γ of

H are given by

f ` g “
ÿ

γPQ
pfγ ` gγqz

γ and fg “
ÿ

γPQ

¨

˝

ÿ

γ1`γ2“γ

fγ1gγ2

˛

‚zγ .

The fact that the supports of f and g are well-ordered implies that there are
only finitely many pγ1, γ2q P Q ˆ Q such that γ1 ` γ2 “ γ and fγ1gγ2 ‰ 0.
Thus, the sums

ř

γ1`γ2“γ fγ1gγ2 are meaningful.
The field H of Hahn series contains the field

P “ Qppz
1
‹ qq “

ď

kPZě1

Qppz
1
k qq

of Puiseux series as a subfield but it is much bigger. A typical example of
Hahn series which is not a Puiseux series is given by (3).

We shall now introduce a family of Hahn series that will be central to this
paper.

2.2. The Hahn series ξω. Consider the following sets

Λ “
ď

tPZě0

Λt where Λt “ Ztě0 ˆ pQ
ˆ
qt ˆQt

ą0.

Notation 2.1. Throughout this paper, unless stated otherwise, we let ω be
an element of Λ. We will set ω “ pα,λ,aq with α “ pα1, . . . , αtq P Ztě0,
λ “ pλ1, . . . , λtq P pQ

ˆ
qt and a “ pa1, . . . , atq P Qt

ą0 where t is the unique
element of Zě0 such that ω P Λt. When several elements of Λ are considered
simultaneously, we will use variants such as ω1 “ pα1,λ1,a1q with α1 “
pα11, . . . , α

1
t1q P Z

t1
ě0, λ

1 “ pλ11, . . . , λ
1
t1q P pQ

ˆ
qt
1 and a1 “ pa11, . . . , a1t1q P Q

t1
ą0.

If t P Zě1, then, for any ω P Λt, we consider the Hahn series defined by

ξωpzq “
ÿ

k1,...,ktě1

kα1
1 ¨ ¨ ¨ kαtt λ

k1
1 λ

k1`k2
2 ¨ ¨ ¨λk1`¨¨¨`ktt z

´
a1

pk1
´

a2

pk1`k2
´¨¨¨´

at

pk1`k2`¨¨¨`kt P H .
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When t “ 0, the sets Ztě0, pQ
ˆ
qt and Qt

ą0 have just one element, namely
the empty vector pq, so Λ0 “ tppq, pq, pqqu and we set

ξppq,pq,pqqpzq “ 1.

These are well-defined p-Mahler Hahn series; see [FR25, Section 2].

2.3. Standard decomposition of p-Mahler series. The interest of the
Hahn series ξω in our context lies in the fact, shown in [FR25], that any p-
Mahler Hahn series is a linear combination with coefficients in the ring of p-
Mahler Puiseux series of the ξω with ω P Λ. However, such a decomposition
is not unique in general. To solve this problem, we introduced in loc. cit. the
set

Λst “
ď

tPZě0

Ztě0 ˆ pQ
ˆ
qt ˆ Ntppq Ă Λ

where Nppq denotes the set of positive rational numbers whose denominator
is coprime with p and whose numerator is not divisible by p. We have the
following result.

Proposition 2.2 ([FR25, Proposition 25]). Any p-Mahler Hahn series fpzq P
H can be uniquely written as a finite sum of the form

(7) f “
ÿ

ωPΛst

fωξω

where pfωqωPΛst is a family of p-Mahler Puiseux series.

In other words, the family of p-Mahler Hahn series pξωqωPΛst form a basis
of the module of p-Mahler Hahn series over the ring of p-Mahler Puiseux
series.

3. Logarithmic Weil height, Conditions pOΩrq and pOrq

3.1. Logarithmic Weil height of an algebraic number. We normalize
the non-trivial absolute values on number fields as in [Wal00]. Precisely, for
the archimedean place of Q, we use the usual absolute value and, for any
prime number p, we normalize the p-adic absolute value by |p|p “ 1{p. For
a number field K and a place w of K extending a place v of Q, let

|α|w “ |NKw{Qv
pαq|

1{rKw:Qvs
v ,

where Kw and Qv denote the completions of K and Q with respect to the
places w and v respectively. The set of placesMK on K satisfies the product
formula, i.e., for any α P Kˆ, we have

ź

wPMK

|α|
rKw:Qvs
w “ 1.

The absolute Weil height of α P Q is defined by

Hpαq “
ź

wPMK

maxt1, |α|
rKw:Qvs
w u

where K is any number field containing α. The value Hpαq does not depend
on the choice of the number field K. For instance, for α “ a{b P Qˆ with a,
b P Z, b ‰ 0, and gcdpa, bq “ 1, we have

(8) Hpαq “ Hpa{bq “ maxt|a|, |b|u.
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The logarithmic absolute Weil height of α P Q is defined by

hpαq “ logHpαq.

The only properties we shall use in the rest of the paper are the following:

hpαnq “ |n|hpαq for any n P Z, when α ‰ 0,

hpαβq ď hpαq ` hpβq,(9)
hpα` βq ď logp2q ` hpαq ` hpβq,

hpαq “ 0 if and only if α is 0 or a root of unity.

For further details on these and other properties of the Weil height we refer
the reader to [Wal00].

3.2. The conditions pOΩrq and pOrq. Consider the maps on Q defined as
follows:

‚ h1 : γ ÞÑ Hpγq,
‚ h2 : γ ÞÑ log2Hpγq,
‚ h3 : γ ÞÑ logHpγq,
‚ h4 : γ ÞÑ log logHpγq for γ R t´1, 0, 1u, and h4pγq “ 0 otherwise,
‚ h5 : γ ÞÑ 1.

With these notations, for any r P t1, . . . , 5u, the condition pOΩrq introduced
in Theorem 1.4 of Section 1 becomes:

pOΩrq hpfγq P O X Ωphrpγqq

and the condition pOrq introduced in Section 1.4 becomes:
pOrq hpfγq P Ophrpγqq.

The following lemmas will be used several times in the rest of the paper.

Lemma 3.1. Consider r P t1, . . . , 5u, ν P Q and d P Qˆ. There exist
c1, c2 ą 0 such that, for all but finitely many γ P Q,

c1hrpγq ď hrpdγ ` νq ď c2hrpγq.

Proof. Let

c0 :“ logp2q ` hpdq ` hpνq “ logp2q ` hpd´1q ` hp´νq.

Using (9), we get, for all γ P Q,

hpdγ ` νq ď logp2q ` hpdγq ` hpνq

ď logp2q ` hpdq ` hpγq ` hpνq “ hpγq ` c0 .

Similarly, we have, for all γ P Q,

hpdγ ` νq ě hpγq ´ hpd´1q ´ logp2q ´ hp´νq “ hpγq ´ c0

So, we have, for all γ P Q,

(10) hpγq ´ c0 ď hpdγ ` νq ď hpγq ` c0.

But, for all but finitely many γ P Q we have hrpγq “ frphpγqq where f1pxq “
ex, f2pxq “ x2, f3pxq “ x, f4pxq “ log x and f5pxq “ 1. Applying fr to (10),
we get, for all but finitely many γ P Q,

frphpγq ´ c0q ď hrpdγ ` νq ď frphpγq ` c0q.
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As, for any M ą 0, the set of γ P Q such that hpγq ď M is finite, in order
to conclude, it is sufficient to prove that there exist c1, c2 ą 0 such that, for
all x ą 0 large enough, frpx´ c0q ě c1frpxq and frpx` c0q ď c2frpxq. The
latter property is clearly true. �

Lemma 3.2. Consider r P t1, . . . , 5u, ν P Q, d P Qą0 and f P H . The
following properties are equivalent:

(a) f P H satisfies pOΩrq;
(b) zνfpzdq satisfies pOΩrq.

Proof. Let us first prove that (b) implies (a). So, we assume that gpzq “
zνfpzdq satisfies pOΩrq. Setting fpzq “

ř

γ fγz
γ and gpzq “

ř

γ gγz
γ , we

have, for any γ P Q, fγ “ gdγ`ν . On the one hand, since g satisfies pOΩrq,
we have

hpfγq “ hpgdγ`νq P Ophrpdγ ` νqq

and it follows from Lemma 3.1 that

hpfγq P Ophrpγqq.

On the other hand, since g satisfies pOΩrq, there exists c0 ą 0 such that, for
infinitely many γ P Q,

hpfγq “ hpgdγ`νq ě c0hrpdγ ` νq.

Furthermore, Lemma 3.1 ensures that there exists c1 ą 0 such that, for all
but finitely many γ P Q, we have hrpdγ ` νq ą c1hrpγq. Thus, for infinitely
many γ P Q,

hpfγq “ hpgdγ`νq ě c0hrpdγ ` νq ě c0c1hrpγq .

It follows that f satisfies pOΩrq. This concludes the proof that (b) implies
(a).

Let us now prove that (a) implies (b). So, we assume that f satisfies
pOΩrq. Setting gpzq “ zνfpzdq, we have that z´

ν
d gpz

1
d q “ fpzq satisfies

pOΩrq. By the first part of the proof applied with f instead of g, ´ν
d instead

of ν and 1
d instead of d, we get that g satisfies pOΩrq as well. �

Similarly, we have:

Lemma 3.3. Consider r P t1, . . . , 5u, ν P Q, d P Qą0 and f P H . The
following properties are equivalent:

(1) f P H satisfies pOrq;
(2) zνfpzdq satisfies pOrq.

4. A height gap theorem for multi-recurrence sequences

This section is devoted to the proof of a height gap theorem for multi-
recurrence sequences over Q. We will use this result to derive Property (ii) of
Theorem 5.1, which classifies the Hahn series ξω according to the conditions
pOΩrq in terms of certain properties of the tuple ω. A multi-recurrence
sequence is a map of the following form

(11)
F : pZě0q

t Ñ Q
pk1, . . . , ktq ÞÑ

řs
i“1 Pipk1, . . . , ktqθ

k1
i,1 ¨ ¨ ¨ θ

kt
i,t

where
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‚ s P Zě0 and t P Zě1;
‚ P1, . . . , Ps P QrX1, . . . , Xtszt0u;
‚ the t-uples θ1 :“ pθ1,1, . . . , θ1,tq, . . . ,θs :“ pθs,1, . . . , θs,tq P pQ

ˆ
qt are

pairwise distinct.
These maps have been the subject of many papers; see [FH22] and the ref-
erences therein. Our main result with respect to these sequences is the
following height gap theorem.

Theorem 4.1 (Height gap theorem for multi-recurrence sequences). Any
multi-recurrence sequence F of the form (11) satisfies one of the following
properties:
(Lin) hpF pk1, . . . , ktqq P O X Ωpk1 ` ¨ ¨ ¨ ` ktq if one of the θi,j is not a

root of unity;
(Log) hpF pk1, . . . , ktqq P O XΩplogpk1 ` ¨ ¨ ¨ ` ktqq if each θi,j is a root of

unity and some Pi is non-constant;
(Bnd) hpF pk1, . . . , ktqq P Op1q if each θi,j is a root of unity and each Pi is

constant.

In the previous result, given two maps u, v : pZě0q
t Ñ R Y t´8u, the

notation upk1, . . . , ktq P Opvpk1, . . . , ktqq means that there exists c ą 0
such that, for all but finitely many pk1, . . . , ktq P pZě0q

t, |upk1, . . . , ktq| ď
c|vpk1, . . . , ktq|. The notation upk1, . . . , ktq P Ωpvpk1, . . . , ktqq means that
there exists c ą 0 such that, for any C ě 0, there exists k1, . . . , kt P ZěC
such that |upk1, . . . , ktq| ě c|vpk1, . . . , ktq|; it is equivalent to require that
there exists c ą 0 such that, for any C ě 0, there exist infinitely many t-
uples pk1, . . . , ktq P pZěCqt such that |upk1, . . . , ktq| ě c|vpk1, . . . , ktq|. Last,
the notation upk1, . . . , ktq P O X Ωpvpk1, . . . , ktqq means that upk1, . . . , ktq P
Opvpk1, . . . , ktqq and upk1, . . . , ktq P Ωpvpk1, . . . , ktqq.

Before proving Theorem 4.1, we establish a non-vanishing result for multi-
recurrence sequences.

4.1. Non-vanishing of multi-recurrence sequences. The decomposi-
tion (11) of a multi-recurrence sequence is unique up to reordering the terms,
as the following result implies.

Lemma 4.2. A multi-recurrence sequence (11) is null if and only if s “ 0.

Proof. Lemma 2.2 of [Sch03] states that, for any positive integer t, the maps
of the form

Zt Ñ Q
pk1, . . . , ktq ÞÑ ka11 ¨ ¨ ¨ katt θ

k1
1 ¨ ¨ ¨ θ

kt
t ,

with a1, . . . , at P Zě0 and θ1, . . . , θt P Qˆ, are linearly independent over Q.
The same argument applies verbatim to their restrictions to pZě0q

t, yielding
the present lemma. �

We deduce the following.

Lemma 4.3. Let F be a multi-recurrence sequence of the form (11) with
s ě 1. Then, for any C ě 0, there exist k1, . . . , kt P ZěC such that
F pk1, . . . , ktq ‰ 0.
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Since the values of a multi-recurrence sequence generate a finite field ex-
tension of Q, one may reformulate this as follows: for any non-zero multi-
recurrence sequence F , one has hpF pk1, . . . , ktqq P Ωp1q.

Proof. We prove the contrapositive statement. So, we suppose that there
exists C ě 0 such that, for all k1, . . . , kt P ZěC , F pk1, . . . , ktq “ 0. Consider
the map G : pZě0q

t Ñ Q defined by

Gpk1, . . . , ktq “ F pk1 ` C, . . . , kt ` Cq

“

s
ÿ

i“1

Pipk1 ` C, . . . , kt ` Cqpθi,1 ¨ ¨ ¨ θi,tq
Cθk1i,1 ¨ ¨ ¨ θ

kt
i,t .

This multi-recurrence sequence is equal to 0 by hypothesis. By Lemma 4.2,
for all i P t1, . . . , su, the polynomial

PipX1 ` C, . . . ,Xt ` Cqpθi,1 ¨ ¨ ¨ θi,tq
C P QrX1, . . . , Xts

is null. Thus, the polynomials P1, . . . , Ps are null, whence a contradiction.
�

4.2. Proof of Theorem 4.1. Theorem 4.1 combines two types of estimates:
lower bounds (the Ω-estimates) and upper bounds (the O-estimates). These
estimates are established in the following two sections and are then combined
in Section 4.2.3 to prove Theorem 4.1.

4.2.1. Lower bounds.

Lemma 4.4. Let F be a multi-recurrence sequence of the form (11) with
s ě 1. The following properties hold:

(a) hpF pk1, . . . , ktqq P Ωpk1 ` ¨ ¨ ¨ ` ktq if one of the θi,j is not a root of
unity;

(b) hpF pk1, . . . , ktqq P Ωplogpk1 ` ¨ ¨ ¨ ` ktqq if one of the Pi is non-
constant.

Proof. We only prove (a), the proof of (b) being similar.
Let us first prove (a) in the case t “ 1. Let Θ Ă Qˆ be a finite set of

algebraic numbers, not all roots of unity, and let

cΘ :“ minthpθq | θ P Θ not a root of unityu ą 0.

Let F : Zě0 Ñ Q be defined by

F pkq “ P1pkqθ
k
1 ` ¨ ¨ ¨ ` Pspkqθ

k
s

for some P1, . . . , Ps P QrXszt0u and some pairwise distinct θ1, . . . , θs P
Θ that are not all roots of unity. We prove by induction on ∆pF q :“
řs
i“1pdegPi ` 1q that, for infinitely many k P Zě0,

(12) hpF pkqq ě
cΘ

3∆pF q
k.

Base case. If ∆pF q “ 1, then s “ 1, P1 P Qˆ, θ1 is not a root of unity and
F pkq “ P1θ

k
1 . It follows from (9) that

hpF pkqq “ hpP1θ
k
1q ě hpθk1q ´ hpP1q “ khpθ1q ´ hpP1q ě kcΘ ´ hpP1q.

Hence, (12) holds for all k P Zě0 large enough.
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Inductive step. Suppose ∆pF q ě 2. Up to renumbering, we can assume that
θs is not a root of unity. We consider the recurrence sequence G : Zě0 Ñ Q
defined by

Gpkq “ F pk ` 1q ´ θ1F pkq “
s
ÿ

j“1

Qjpkqθ
k
j

where QjpXq “ θjPjpX ` 1q ´ θ1PjpXq P QrXs. Note that, for any j P
t2, . . . , su, we have degQj “ degPj . Furthermore, Q1 “ 0 if degP1 “ 0 and
degQ1 “ degP1 ´ 1 otherwise. Therefore, we have ∆pGq “ ∆pF q ´ 1. By
induction, there exists an infinite set K such that, for all k P K, we have

hpGpkqq ě
cΘ

3∆pF q´1
k.

Moreover, using (9), we see that

hpF pk ` 1qq ` hpθ1q ` hpF pkqq ` logp2q ě hpGpkqq.

Combining the previous two inequalities, we get that, for any k P K large
enough, one of the following holds:

either hpF pkqq ě
cΘ

3∆pF q
k or hpF pk ` 1qq ě

cΘ

3∆pF q
k.

Thus (12) holds for infinitely many k. This concludes the inductive step and
the proof of (a) in the case t “ 1.

Let us now prove (a) for an arbitrary t ě 2. Let Θ “ tθ1,t, . . . , θs,tu. Up
to renumbering, we can and will suppose that θs,t is not a root of unity. Let
C ą 0. Lemma 4.3 ensures that there exist k1, . . . , kt P ZěC such that

(13)
ÿ

iPt1,...,su
s.t. θi,t“θs,t

Pipk1, . . . , ktqθ
k1
i,1 ¨ ¨ ¨ θ

kt
i,t

“

¨

˚

˚

˝

ÿ

iPt1,...,su
s.t. θi,t“θs,t

Pipk1, . . . , ktqθ
k1
i,1 ¨ ¨ ¨ θ

kt´1

i,t´1

˛

‹

‹

‚

θkts,t ‰ 0.

Fix such k1, . . . , kt´1 P ZěC and consider the recurrence sequence G : Zě0 Ñ

Q defined by
Gpkq “ F pk1, . . . , kt´1, kq.

Gathering the terms of the sum (11) defining F according to the value of
θi,t, we see that

Gpkq “
u
ÿ

j“1

Qjpkqη
k
j

for some pairwise distinct η1 “ θs,t, η2, . . . , ηu P Θ and some Q1, . . . , Qu P

QrXszt0u. The fact that we may take η1 “ θs,t withQ1 ‰ 0 follows from (13).
Let ∆pGq and cΘ be defined as in the case t “ 1 treated at the beginning
of the proof. One may find an integer ∆, not depending on k1, . . . , kt´1 nor
on C, such that ∆pGq ď ∆. It follows from (12) that, for infinitely many
k P ZěC ,

(14) hpF pk1, . . . , kt´1, kqq “ hpGpkqq ě
cΘ

3∆
k.
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Consider an integer k ě k1 ` . . .` kt´1 satisfying (14). Then, we have

hpF pk1, . . . , kt´1, kqq ě
cΘ

2ˆ 3∆
pk1 ` ¨ ¨ ¨ ` kt´1 ` kq.

This proves (a). �

4.2.2. Upper bounds.

Lemma 4.5. Let F be a multi-recurrence sequence of the form (11) with
s ě 1. The following properties hold:

(i) hpF pk1, . . . , ktqq “ Opk1 ` ¨ ¨ ¨ ` ktq in any case;
(ii) hpF pk1, . . . , ktqq “ Oplogpk1 ` ¨ ¨ ¨ ` ktqq if all θi,j are roots of unity;
(iii) hpF pk1, . . . , ktqq “ Op1q if all θi,j are roots of unity and all the poly-

nomials Pi are constants.

Proof. Given a polynomial P P QrX1, . . . , Xts, it follows from (9) that

(15) hpP pk1, . . . , ktqq “ Oplogpmaxtk1, . . . , ktuqq .

Using (9) and (11), we also have
(16)

hpF pk1, . . . , ktqq ď ps´ 1q logp2q `
s
ÿ

i“1

hpPipk1, . . . , ktqq `
s
ÿ

i“1

t
ÿ

j“1

kjhpθi,jq.

These two inequalities combined imply (i).
Now, suppose that all θi,j are roots of unity. Then hpθi,jq “ 0 for all i, j

and it follows from (15) and (16) that

hpF pk1, . . . , ktqq “ Oplogpmaxtk1, . . . , ktuqq “ Oplogpk1 ` ¨ ¨ ¨ ` ktqq,

which implies (ii).
Last, suppose that all θi,j are roots of unity and that the polynomials

P1, . . . , Ps are constants. Then, F pk1, . . . , ktq only takes a finite number of
distinct values. Thus (iii) holds. �

4.2.3. Proof of Theorem 4.1. Suppose that one of the θi,j is not a root
of unity. Then, from (a) of Lemma 4.4 and (i) of Lemma 4.5 we have
hpF pk1, . . . , ktqq P O X Ωpk1 ` ¨ ¨ ¨ ` ktq.

Suppose that all θi,j are roots of unity but that one of the Pi is non-
constant. Then, from (b) of Lemma 4.4 and (ii) of Lemma 4.5 we have
hpF pk1, . . . , ktqq P O X Ωplogpk1 ` ¨ ¨ ¨ ` ktqq.

Finally, suppose that all θi,j are roots of unity and that all Pi are constant.
Then, from (iii) of Lemma 4.5 we have hpF pk1, . . . , ktqq P Op1q.

Since any multi-recurrence sequence falls into the scope of one of these
three mutually exclusive cases, Theorem 4.1 holds.

5. A refined version of Theorem 1.4

Theorem 1.4 asserts that any p-Mahler Hahn series fpzq P H satisfies
one of the mutually exclusive conditions pOΩ1q–pOΩ5q. This follows directly
from the following more precise result, whose proof is the main objective of
this section.
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Theorem 5.1. Consider a p-Mahler Hahn series fpzq PH and its standard
decomposition

(17) f “
ÿ

ωPΛst

fωξω

where pfωqΛst is family of p-Mahler Puiseux series with finite support (see
Section 2.3). Then, we have

(i) every fω satisfies one of the mutually exclusive conditions pOΩ1q to
pOΩ5q;

(ii) every ξω satisfies one of the mutually exclusive conditions pOΩ3q to
pOΩ5q;

(iii) f satisfies pOΩrq with

r “ min
!

s P t1, . . . , 5u
ˇ

ˇ

ˇ

fω or ξω satisfies pOΩsq

for some ω P Λst such that fω ‰ 0

)

.

Properties (i), (ii) and (iii) are respectively proved in Section 5.1, Sec-
tion 5.2 and Section 5.3.

5.1. Proof of Property (i) of Theorem 5.1. Property (i) of Theorem 5.1
is a direct consequence of the following result, which itself follows easily from
Theorem 1.1.

Proposition 5.2. Any p-Mahler Puiseux series fpzq P P satisfies one of
the mutually exclusive properties pOΩ1q to pOΩ5q.

Proof. Since fpzq is a p-Mahler Puiseux series, there exist ν P Z and d P Zą0

such that zνfpzdq is a p-Mahler power series. Theorem 1.1 ensures that
zνfpzdq satisfies one of the mutually exclusive properties pOΩ1q to pOΩ5q.
Lemma 3.2 guarantees that fpzq satisfies one of the mutually exclusive prop-
erties pOΩ1q to pOΩ5q as well. �

5.2. Proof of Property (ii) of Theorem 5.1. Recall that we let

Λst “
ď

tPZě0

Ztě0 ˆ pQ
ˆ
qt ˆ Ntppq

where
Nppq “ ta{b | a, b P Zą0, p - a, gcdpb, pq “ 1u,

and that for ω P Λst, we write ω “ pα,λ,aq with

α “ pα1, . . . , αtq P Ztě0, λ “ pλ1, . . . , λtq P pQ
ˆ
qt, a “ pa1, . . . , atq P Ntppq.

In this section, we prove the following result, which yields Property (ii) of
Theorem 5.1 when C “ 1. Allowing an arbitrary value of C will be useful in
subsequent applications.

Proposition 5.3. Let ω P Λst with ω ‰ ppq, pq, pqq and let C P Zě1. The
Hahn series

ξω,Cpzq “
ÿ

k1,...,ktěC

kα1
1 ¨ ¨ ¨ kαtt λ

k1
1 ¨ ¨ ¨λ

k1`¨¨¨`kt
t z

´
a1

pk1
´¨¨¨´

at

pk1`¨¨¨`kt

satisfies:
‚ pOΩ3q if and only if one of the coordinates of λ is not a root of unity;
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‚ pOΩ4q if and only if the coordinates of λ are roots of unity and α is
not the zero vector;

‚ pOΩ5q if and only if the coordinates of λ are roots of unity and α is
the zero vector.

Proof. We may write

ξω,Cpzq “
ÿ

k1,...,ktPZěC

F pk1, . . . , ktqz
γk1,...,kt

with
F pk1, . . . , ktq “ kα1

1 ¨ ¨ ¨ kαtt λ
k1
1 ¨ ¨ ¨λ

k1`¨¨¨`kt
t

and

(18) γk1,...,kt “ ´
a1

pk1
´

a2

pk1`k2
´ ¨ ¨ ¨ ´

at
pk1`k2`¨¨¨`kt

.

Note that F is a multi-recurrence sequence since

(19) F pk1, . . . , ktq “ P pk1, . . . , ktqθ
k1
1 ¨ ¨ ¨ θ

kt
t

where
P pk1, . . . , ktq “ kα1

1 ¨ ¨ ¨ kαtt
and, for each j P t1, . . . , tu,

θj “ λj ¨ ¨ ¨λt.

Lemma 5.4 below ensures that the rational numbers γk1,...,kt are pairwise
distinct when k1, . . . , kt vary over Zě1. So, we have

ξω,Cpzq “
ÿ

γPQ
ζγz

γ

where

(20) ζγ “

"

F pk1, . . . , ktq if γ “ γk1,...,kt for some k1, . . . , kt P ZěC ;
0 else.

We split the rest of the proof into three cases.

Case 1: one of the λj is not a root of unity. Then, one of the θj is not a
root of unity and it follows from case (Lin) of Theorem 4.1 that

hpF pk1, . . . , ktqq “ Opk1 ` ¨ ¨ ¨ ` ktq

and that there exists c ą 0 such that

hpF pk1, . . . , ktqq ě cpk1 ` ¨ ¨ ¨ ` ktq

for infinitely many pk1, . . . , ktq P pZěCqt. Combining this with (20) above
and (22) from Lemma 5.5 below, we obtain that ξω,C satisfies pOΩ3q.

Case 2: all the λi are roots of unity and at least one of the αi is nonzero. In
this case, all the θj are roots of unity and the polynomial P is non-constant.
It follows from case (Log) of Theorem 4.1 that

hpF pk1, . . . , ktqq “ Oplogpk1 ` ¨ ¨ ¨ ` ktqq

and that there exists c ą 0 such that

hpF pk1, . . . , ktqq ě cplogpk1 ` ¨ ¨ ¨ ` ktqq

for infinitely many pk1, . . . , ktq P pZěCqt. Combining this with (20) above
and (22) from Lemma 5.5 below, we obtain that ξω,C satisfies pOΩ4q.
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Case 3: all the λi are roots of unity and all the αi are equal to zero. In this
case, the coefficients ζγ take only a finite number of values and, hence, we
get that ξω,C satisfies pOΩ5q. �

It remains to prove the following two lemmas.

Lemma 5.4. For any t P Zě1 and a P Nt
ppq, the rational numbers γk1,...,kt

defined by (18) are pairwise distinct when k1, . . . , kt vary over Zě1.

Proof. Assume to the contrary that

(21) γk1,...,kt “ γ`1,...,`t

for distinct t-uples pk1, . . . , ktq P Ztě1 and p`1, . . . , `tq P Ztě1. The t-uples
pk1, k1 ` k2, . . . , k1 ` ¨ ¨ ¨ ` ktq and p`1, `1 ` `2, . . . , `1 ` ¨ ¨ ¨ ` `tq are distinct.
Let i be the greatest element of t1, . . . , tu such that k1`¨ ¨ ¨`ki ‰ `1`¨ ¨ ¨``i.
We can assume that k1 ` ¨ ¨ ¨ ` ki ă `1 ` ¨ ¨ ¨ ` `i. Then, (21) implies that

a1

pk1
`

a2

pk1`k2
` ¨ ¨ ¨ `

ai
pk1`k2`¨¨¨`ki

“
a1

p`1
`

a2

p`1``2
` ¨ ¨ ¨ `

ai
p`1``2`¨¨¨``i

.

Multiplying the latter equality by p`1``2`¨¨¨``i , we obtain that the numerator
of ai is a multiple of p. This in contradiction with the fact that ai belongs
to Nppq. �

Lemma 5.5. For any t P Zě1 and a P Nt
ppq, there exist c0, c1 ą 0 such that,

for all k1, . . . , kt P Zě1, the height of the rational number γk1,...,kt defined
by (18) satisfies

(22) c0p
k1`...`kt ď Hpγk1,...,ktq ď c1p

k1`¨¨¨`kt .

Proof. Using that a1, . . . , at P Nppq, it is easily seen that there exist u1, . . . , ut P
Zą0, not divisible by p, and v P Zą0 coprime to p such that, for all k1, . . . , kt P
Zě1,

(23) γk1,...,kt “ ´
u1p

k2`k3`¨¨¨`kt ` u2p
k3`¨¨¨`kt ` ¨ ¨ ¨ ` ut

vpk1`k2`¨¨¨`kt
.

The upper bound for Hpγk1,...,ktq in (22) then follows by taking

c1 “ maxtv, u1 ` u2 ` ¨ ¨ ¨ ` utu .

To prove the lower bound, it clearly suffices to show that the following
family of gcds is bounded:

´

gcd
´

αk2,...,kt , p
k1`k2`¨¨¨`kt

¯¯

k1,...,ktě1
,

where
αk2,...,kt “ u1p

k2`k3`¨¨¨`kt ` u2p
k3`¨¨¨`kt ` ¨ ¨ ¨ ` ut.

To this end, it is clearly enough to prove that, for every prime factor q of p,
the following family of q-adic valuations is bounded:

(24)
`

vqpαk2,...,ktq
˘

k2,...,ktě1
.

This is true when t “ 1 because αk2,...,kt “ ut is a nonzero constant. Let us
now assume that t ě 2 and suppose, for contradiction, that the family (24)
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is unbounded. Then there exists a sequence pknqně0 “ pkn,2, . . . , kn,tq in
pZě1q

t´1 such that
vqpαknq ÝÝÝÝÑnÑ`8

`8.

By passing to a subsequence, we may assume that, for each i P t2, . . . , tu,
the sequence pkn,iqně0 is either constant or increasing. Let i0 be the largest
index in t2, . . . , tu for which pkn,i0qně0 is increasing. Such an i0 exists, since
otherwise the sequence pknqně0 would be constant. Consider the equality

(25) αkn ´
´

u1p
kn,2`¨¨¨`kn,t ` ¨ ¨ ¨ ` ui0´1p

kn,i0`¨¨¨`kn,t
¯

“ ui0p
kn,i0`1`¨¨¨`kn,t ` ¨ ¨ ¨ ` ut.

The q-adic valuation of the left-hand side of (25) tends to `8 as nÑ `8,
whereas the right-hand side is a nonzero constant, yielding a contradiction.

�

5.3. Proof of Property (iii) of Theorem 5.1. Property (iii) of Theo-
rem 5.1 will be proved at the end of this section, after establishing several
preliminary results.

We begin with the following observation: in general, the coefficient of
zγ`γ

1 in the product of two Hahn series g and h is not equal to the product
of the coefficients of zγ in g by the coefficient of zγ1 in h. Nevertheless, in the
particular case where h “ ξω with ω P Λst and ω ‰ ppq, pq, pqq, and g P P,
we show in Lemma 5.7 below that a (weak) form of this property does hold.

Definition 5.6. We denote by � the partial order on H defined, for any
f “

ř

γPQ fγz
γ P H and g “

ř

γPQ gγz
γ P H , by

g � f ô @γ P supp g, fγ “ gγ .

Lemma 5.7. Let ω P Λst with ω ‰ ppq, pq, pqq. Set ξω “:
ř

γPQ ζγz
γ. For

any g P P, for infinitely many γ P supppξωq, we have ζγzγg � gξω.

To prove this Lemma, we will use the following result.

Lemma 5.8 ([FR25, Lemma 27]). For all s, t P Zě0 such that s ě t ě 0,
for all a “ pa1, . . . , asq P Nsppq, for all b “ pb1, . . . , btq P Ntppq, for all d P Zě1,
there exists Ca,b,d ą 0 such that, for all γ P 1

dZ, for all k1, . . . , ks, `1, . . . , `t P
Zě1 such that k1, . . . , ks ě Ca,b,d, the following properties are equivalent:

(1) we have
a1

pk1
`

a2

pk1`k2
` ¨ ¨ ¨ `

as
pk1`k2`¨¨¨`ks

“ γ `
b1
p`1

`
b2

p`1``2
` ¨ ¨ ¨ `

bt
p`1``2`¨¨¨``t

;

(2) we have γ “ 0, s “ t and, for all i P t1, . . . , tu, ai “ bi and ki “ `i.

Remark 5.9. Lemma 5.4 can be seen as a refinement of Lemma 5.8 in the
special case a “ b and γ “ 0.

Proof of Lemma 5.7. We set g “
ř

γPQ gγz
γ P P, and f “

ř

γPQ fγz
γ “

gξω. Thus, for all γ P Q, we have

fγ “
ÿ

pγ1,γ2qPsupppgqˆsupppξωq
such that γ1`γ2“γ

gγ1ζγ2 .
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Let d be such that supppgq Ă 1
dZ. Let Ca,a,d ą 0 be the constant given by

Lemma 5.8. We recall that supppξωq “ tγk1,...,kt | k1, . . . , kt P Zě1u where
γk1,...,kt is given by (18). Our choice of constant Ca,a,d ensures that, for all
γ1 P supppgq and all γ2 “ γk1,...,kt P supppξωq with k1, . . . , kt ě Ca,a,d, if

γ1 ` γ2 “ γ11 ` γ
1
2

for some pγ11, γ12q P supppgq ˆ supppξωq, then pγ11, γ12q “ pγ1, γ2q. Therefore,
for all such γ2 P supppξωq, for all γ1 P supppgq, we have fγ1`γ2 “ gγ1ζγ2 and,
hence, ζγ2zγ2g � f . Since there are infinitely many such γ2, this proves the
lemma. �

We continue with the following observation: two Hahn series g and h
being given, there is in general no interesting way to bound from above the
heights Hpγ1q and Hpγ2q in terms of Hpγ1 ` γ2q for all γ1 P supppgq and
γ2 P suppphq. The following Lemma shows that that such a bound can
nevertheless be obtained in the special case where h “ ξω with ω P Λst and
ω ‰ ppq, pq, pqq, and g P P.

Lemma 5.10. Let gpzq P Pˆ and ω P Λst, ω ‰ ppq, pq, pqq. There exists
c1 ą 0 such that, for all but finitely many γ P Q, for all γ1 P supppgq and
γ2 P supppξωq such that γ1 ` γ2 “ γ, we have

(26) maxtHpγ1q, Hpγ2qu ď c1Hpγq.

Proof. Let N P Zě1 be such that supp ξω Ă r´N, 0r and let d P Zě1 be such
that supp g Ă 1

dZ. Then, for any γ P Q, γ1 P supp g and γ2 P supp ξω such
that γ1 ` γ2 “ γ, we have

γ1 “ γ ´ γ2 Psγ, γ `N s X
1

d
Z.

Using (8), this implies that

Hpγ1q ď dp|γ| `Nq.

Therefore, if Hpγq ě N , then

Hpγ1q ď dp|γ| `Nq ď 2dHpγq,

since we always have Hpγq ě |γ|. Furthermore, as |γ2| ď N , we have
Hpγ2q ď N denpγ2q where denpγ2q is the denominator of γ2. But, as γ1 P

1
dZ,

the denominator of γ2 “ γ ´ γ1 is at most d times the denominator denpγq
of γ. Thus

Hpγ2q ď N denpγ2q ď Nddenpγq ď NdHpγq.

Thus, (26) holds with c1 “ maxt2d,Ndu provided that Hpγq ě N . Since
the latter condition excludes finitely many γ, this proves the lemma. �

Last, we mention the following obvious reformulation of the growth prop-
erties pOΩrq for further reference.

Lemma 5.11. The following properties relative to f “
ř

γPQ fγz
γ P H and

r P t1, . . . , 5u are equivalent:
(1) f satisfies pOΩrq;
(2) hpfγq “ Ophrpγqq and there exists g “

ř

γPQ gγz
γ P H such that

g � f and hpgγq “ Ωphrpγqq, where hr is defined as in Section 3.2.
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Proposition 5.12. Property (iii) of Theorem 5.1 holds when f “ gξω for
some p-Mahler Puiseux series g P Pˆand some ω P Λst.

Proof. When ω “ ppq, pq, pqq, we have ξω “ 1 and the result follows from
Property (i) of Theorem 5.1.

We now suppose that ω ‰ ppq, pq, pqq. Property (i) of Theorem 5.1 ensures
that g satisfies pOΩq1q for some q1 P t1, . . . , 5u while Property (ii) of Theo-
rem 5.1 guarantees that ξω satisfies pOΩq2q for some q2 P t3, 4, 5u. We must
prove that f satisfies pOΩrq with r “ mintq1, q2u.

Since the support of ξω is bounded and since g is a Puiseux series, the
number of terms in the product gξω which contribute to zγ for some γ P Q is
bounded independently of γ, say by c2 ą 0. Write f “

ř

γ fγz
γ , g “

ř

γ gγz
γ

and ξω “
ř

γ ζγz
γ . From (9), we have

(27) hpfγq ď c2 logp2q ` 2c2 max
γ1`γ2“γ

thpgγ1q, hpζγ2qu .

It follows that

hpfγq “ O

ˆ

1` max
γ1`γ2“γ

thpgγ1q, hpζγ2qu

˙

“ O

ˆ

1` max
γ1`γ2“γ

thq1pγ1q, hq2pγ2qu

˙

“ O pmaxthq1pγq, hq2pγquq

“ Ophrpγqq,

where the maps hi are defined as in Section 3.2. Indeed, the first equality
follows from (27), the second one follows from the fact that g and ξω satisfy
pOΩq1q and pOΩq2q respectively, the third one follows from Lemma 5.10 and
the last equality is obvious. In order to complete the proof, it remains to
prove that, if r ă 5, then hpfγq “ Ωphrpγqq. In order to prove this, we
distinguish two cases.

Case r “ q1. According to Lemma 5.7, there exist γ P supppξωq and ζ P Q
ˆ

such that ζzγg � f . Since g satisfies pOΩq1q, so does ζzγg by Lemma 3.2.
Lemma 5.11 guarantees that hpfγq “ Ωphq1pγqq.

Case r “ q2. Since supp g Ă 1
dZ, Lemma 5.8 implies that there exists C ą 0

such that, for any k1, . . . , kt P ZěC , for any `1, . . . , `t P Zě0 and for any
γ, κ P supp g,

γ ´
a1

pk1
´ ¨ ¨ ¨ ´

at
pk1`¨¨¨`kt

‰ κ´
a1

p`1
´ ¨ ¨ ¨ ´

at
p`1`¨¨¨``t

unless γ “ κ and, for any j P t1, . . . , tu, kj “ `j . We consider the series

ξω,Cpzq “
ÿ

k1,...,ktěC

kα1
1 ¨ ¨ ¨ kαtt λ

k1
1 ¨ ¨ ¨λ

k1`¨¨¨`kt
t z

´
a1

pk1
´¨¨¨´

at

pk1`¨¨¨`kt

already introduced in Proposition 5.3. Our choice of C guarantees that,
for any γ P supp g, we have gγzγξω,C � f . But, since ξω satisfies pOΩq2q,
Proposition 5.3 ensures that ξω,C satisfies pOΩq2q as well (indeed, for any
s P t3, 4, 5u, it implies that ξω “ ξω,1 satisfies pOΩsq if and only if ξω,C
satisfies pOΩsq as these two properties correspond to the same conditions
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on the parameters α,λ). Since gγ ‰ 0, Lemma 3.2 implies that gγzγξω,C
satisfies pOΩq2q as well. Lemma 5.11 guarantees that hpfγq “ Ωphq2pγqq. �

We are now able to prove Property (iii) of Theorem 5.1 stating that,
given a p-Mahler Hahn series fpzq P H and its standard decomposition
f “

ř

ωPΛst
fωξω, we have that f satisfies pOΩrq where r is the least integer

such that some of the series fω or ξω satisfy pOΩrq.

Proof of (iii) of Theorem 5.1. Suppose that f ‰ 0, otherwise, there is noth-
ing to prove. Write

f “
ÿ

ωPE

fωξω

where E Ă Λst is a non-empty finite set and the fω are non-zero p-Mahler
Puiseux series. Proposition 5.12 ensures that, for all ω P E, the product
fωξω satisfies pOΩrωq where

rω “ mints P t1, . . . , 5u | fω or ξω satisfies pOΩsqu.

To prove (iii) of Theorem 5.1, we have to prove that fpzq satisfies pOΩrq

with
r “ min

ωPE
rω.

Let us first note that, for all ω P E, the product fωξω satisfies pOΩrωq, so it
satisfies pOrωq and, hence, pOrq. It follows that fpzq satisfies pOrq as well.
If r “ 5, there is nothing more to prove. So, from now on, we assume that
r ď 4 and it remains to prove that

(28) hpfγq “ Ωphrpγqq,

where the maps hi are defined as in Section 3.2. To prove this, consider
ω1 P E with rω1 “ r. Let q1 P t1, . . . , 5u be such that fω1 satisfies pOΩq1q

and let q2 P t1, . . . , 5u be such that ξω1 satisfies pOΩq2q. As already noticed,
Proposition 5.12 ensures that

r “ rω1 “ mintq1, q2u.

The rest of the proof is divided according to the following two cases: we will
first consider the case r “ q1 and then the case r “ q2. We will use the
following notations. We write ω1 “ pα1,λ1,a1q with α1 P Ztě0, λ

1 P pQˆqt
and a1 P Nt

ppq. We set a1 “ pa11, . . . , a1tq and we consider the set

E1 “ tω “ pα,λ,aq P E |a “ a1u Ă E,

We let d be such that, for all ω P E, the Puiseux series fω belongs to Qppz
1
d qq.

Let C :“ maxaCpa
1,a, dq where Cpa1,a, dq is given by Lemma 5.8 and the

maximum is taken over the (finite) set of a such that there exists α,λ with
ω “ pα,λ,aq P E.

Case r “ q1. It follows from Lemma 5.8 that, for all k1, . . . , kt P ZěC , for all
ω “ pα,λ,a1q P E1, we have

fωpzqk
α1
1 ¨ ¨ ¨ kαtt λ

k1
1 λ

k1`k2
2 ¨ ¨ ¨λk1`¨¨¨`ktt z

´
a11

pk1
´¨¨¨´

a1t

pk1`¨¨¨`kt � fωpzqξωpzq .
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Thus, using Lemma 5.8 once again, for all k1, . . . , kt P ZěC , the Puiseux
series

κk1,...,ktpzq :“
ÿ

ωPE1

fωpzqk
α1
1 ¨ ¨ ¨ kαtt λ

k1
1 λ

k1`k2
2 ¨ ¨ ¨λk1`¨¨¨`ktt

satisfies

κk1,...,ktpzqz
´

a11

pk1
´¨¨¨´

a1t

pk1`¨¨¨`kt � fpzq “
ÿ

ωPE

fωpzqξωpzq.

Using Lemma 3.2, we see that, in order to prove (28), it is sufficient to prove
that there exist k1, . . . , kt P ZěC such that

hppκk1,...,ktqγq P Ωphrpγqq.

In order to prove this, let us first note that

(29) V :“ SpanQtκk1,...,ktpzq | k1, . . . , kt P ZěCu
“ SpanQtfωpzq | ω P E

1u “: W.

Indeed, the inclusion V Ă W is obvious. If the inclusion V Ă W were
not an equality, then there would exist a non-zero element ϕ in the dual
W ˚ of the finite dimensional Q-vector space W vanishing on V . Then,
pϕpfωqqωPE1 would be a family of elements of Q, not all zero, such that, for
all k1, . . . , kt P ZěC ,

ÿ

ω“pα,λ,a1qPE1

ϕpfωqk
α1
1 ¨ ¨ ¨ kαtt λ

k1
1 λ

k1`k2
2 ¨ ¨ ¨λk1`¨¨¨`ktt “ 0.

Since the left-hand side of the latter equality is a multi-recurrence sequence,
this would contradict Lemma 4.3. This proves the equality (29).

As all κk1,...,ktpzq with k1, . . . , kt P ZěC are p-Mahler Puiseux series, prop-
erty (i) of Theorem 5.1 ensures that they satisfy one of the mutually exclusive
properties pOΩ1q to pOΩ5q. We claim that there exist k1, . . . , kt P ZěC such
that κk1,...,ktpzq satisfies pOΩsq for some s P t1, . . . , ru. Otherwise, for all
k1, . . . , kt P ZěC , κk1,...,ktpzq would satisfy pOr`1q and, hence, all elements of
V would satisfy pOr`1q. This would contradict that fω1 P W “ V satisfies
pOΩrq. This proves our claim.

Now, any κk1,...,kt as in our previous claim satisfies hppκk1,...,ktqγq P Ωphspγqq
for some s P t1, . . . , ru and, hence, hppκk1,...,ktqγq P Ωphrpγqq and this justifies
(28).

Case r “ q2. Let γ be an element of the support of fω1 . Up to multiplying f
by a suitable power of z, we can and will suppose that γ “ 0. It follows from

Lemma 5.8 that for all k1, . . . , kt P ZěC , the coefficient of z
´

a11

pk1
´¨¨¨´

a1t

pk1`¨¨¨`kt

in fpzq is

F pk1, . . . , ktq :“
ÿ

ωPE1

pfωpzqq0k
α1
1 ¨ ¨ ¨ kαtt λ

k1
1 λ

k1`k2
2 ¨ ¨ ¨λk1`¨¨¨`ktt

so that we have

gpzq “
ÿ

k1,...,ktěC

F pk1, . . . , ktqz
´

a11

pk1
´¨¨¨´

a1t

pk1`¨¨¨`kt � fpzq.
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Note that F is a non-zero multi-recurrence sequence. Indeed, in order to
write it under the form (11), we consider a partition

E1 “ E1 \ ¨ ¨ ¨ \ Et

of E1 given by the equivalence classes E1, . . . , Es for the following equivalence
relation:

pα0,λ0,a
1q „ pα1,λ1,a

1q ô λ0 “ λ1.

Then, for any i P t1, . . . , su, we choose an arbitrary element ω of Ei and, for
any j P t1, . . . , tu, we set θi,j “ λj ¨ ¨ ¨λt. We also set

(30) Pipk1, . . . , ktq “
ÿ

ωPEi

pfωpzqq0k
α1
1 ¨ ¨ ¨ kαtt .

Then, we have

F pk1, . . . , ktq “
t
ÿ

i“s

Pipk1, . . . , ktqθ
k1
i,1 ¨ ¨ ¨ θ

kt
i,t .

Let i0 be such that ω1 P Ei0 . Then pfω1q0 ‰ 0 by assumption and we deduce
that Pi0 is nonzero because the pα1, . . . , αtq involved in the right-hand side
of (30) are pairwise distinct. We now distinguish two subcases.

Subcase r “ q2 “ 3. Recall that ω1 “ pα1,λ1,a1q. Since ξω1 “ ξω1,1 satisfies
pOΩ3q, Proposition 5.3 guarantees that λ1 has a coordinate which is not a
root of unity. Then, there exists j P t1, . . . , tu such that θi0,j is not a root
of unity as well and it follows from Lemma 4.4 that there exists c ą 0 such
that for infinitely many pk1, . . . , ktq P pZěCqt,

hpF pk1, . . . , ktqq ě cpk1 ` ¨ ¨ ¨ ` ktq .

Thus, using Lemma 5.5, we get hpgγq “ Ωph3pγqq. Since g � f , it follows
from Lemma 5.11 that hpfγq “ Ωph3pγqq.

Subcase r “ q2 “ 4. Since q2 “ 4, Proposition 5.3 guarantees that α1
is nonzero. Thus, the polynomial Pi0 is not constant and it follows from
Lemma 4.4 that there exists c ą 0 such that, for infinitely many k1, . . . , kt P
ZěC ,

hpF pk1, . . . , ktqq ě c logpk1 ` ¨ ¨ ¨ ` ktq .

Thus, using Lemma 5.5, we get hpgγq “ Ωph4pγqq. Since g � f , it follows
from Lemma 5.11 that hpfγq “ Ωph4pγqq. �

6. Proof of Theorem 1.9

The proof of Theorem 1.9 is given at the end of this section.
In Section 1.4, for each r P t1, . . . , 5u, we introduced the growth condition

pH ´Orq for a generalized p-Mahler Hahn series, which depends on its de-
composition over the ring of p-Mahler Hahn series. In [FR25], we considered
another growth condition pP ´ Orq defined as follows. Combining (4) and
(7), we get that any generalized p-Mahler Hahn series y P R can be uniquely
written as a finite sum of the form

y “
ÿ

pc,jqPΞ

ÿ

ωPΛst

fc,j,ωξωec`
j

where the fc,j,ω P P are p-Mahler Puiseux series and Ξ “ Qˆ ˆ Zě0.
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Definition 6.1. We say that y satisfies pP´Orq if any fc,j,ω satisfies pOrq.

Proposition 6.2. For any generalized p-Mahler Hahn series y P R, for any
r P t1, 2, 3u, the following properties are equivalent:

‚ y satisfies pH ´Orq;
‚ y satisfies pP ´Orq.

Proof. It is clearly sufficient to prove the result in the case when y “ f is
a non-zero p-Mahler Hahn series. So, we consider a p-Mahler Hahn series
f P H and its standard decomposition

f “
ÿ

ωPE

fωξω

with fω some non-zero p-Mahler Puiseux series and E Ă Λst a non-empty
finite set. Consider r P t1, 2, 3u. The result follows from the fact that the
following properties are equivalent:

(1) f satisfies pH ´Orq;
(2) f satisfies pOΩsq for some s P tr, . . . , 5u;
(3) for all ω P E, fω satisfies pOΩsq for some s P tr, . . . , 5u;
(4) for all ω P E, fω satisfies pOrq;
(5) f satisfies pP ´Orq.

The equivalence between (1) and (2) follows from Theorem 1.4. The equiv-
alence between (2) and (3) follows from the last assertion of Theorem 5.1
using that the ξω satisfy pOΩ3q, pOΩ4q or pOΩ5q by Property (ii) of Theo-
rem 5.1 and that r ď 3. The equivalence between (3) and (4) follows from
Property (i) of Theorem 5.1. The equivalence between (4) and (5) follows
from the definitions. �

Proof of Theorem 1.9. Since y satisfies pH ´Orq with r P t1, 2, 3u, Proposi-
tion 6.2 implies that y also satisfies pP ´Orq. Then, by [FR25, Theorem 9]
the minimal p-Mahler equation of y over K8 “ Qpz

1
‹ q has a basis of solutions

in R, satisfying pP´Orq. Applying Proposition 6.2 again, we conclude that
these solutions all satisfy pH ´Orq, as wanted. �

7. p-Regular elements of KQ

Let K be a field. In a landmark paper, Allouche and Shallit [AS92] in-
troduced the notion of p-regular sequences as a generalization of the notion
of p-automatic sequences. We recall that a sequence panqnPZě0 P KZě0 is
p-regular if its p-kernel, given by

 

papin`jqnPZě0 | i P Zě0, j P t0, . . . , p
i ´ 1u

(

Ă KZě0 ,

spans a finite dimensional K-vector space. These sequences admit many
other characterizations. For instance, they are:

‚ the sequences produced by linear representations, that is, the se-
quences panqnPZě0 P KZě0 with general term

an “ τAit ¨ ¨ ¨Ai0λ

where τ P K1ˆm, A0, . . . , Ap´1 P Kmˆm, λ P Kmˆ1 for some m ě 0
and where it . . . i0 “ pnqp is the base-p expansion of the integer n
[AS92, Lemma 4.1];
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‚ the sequences panqnPZě0 P KZě0 such that the series
ř

ně0 anpnqp in
the non-commutative indeterminates over the alphabet t0, . . . , p´1u
is a rational series (see [AS92, Theorem 4.3] and Section 7.1);

‚ the sequences panqnPZě0 P KZě0 produced by finite weighted au-
tomata [BR88, Chapter I, Proposition 6.1].

We say that a power series
ř

ně0 anz
n P Krrzss is p-regular if the sequence

panqnPZě0 is p-regular.
The aim of the present section is to extend the notion of p-regular sequence

to the elements of KQ. This will be used in Section 8 to extend the notion of
p-regular power series to Hahn series. The notion of p-kernel does not extend
directly to elements of KQ, so we instead resort to the characterization in
terms of rational series.

7.1. Rational series. Let Σ be a finite alphabet, that is a finite set of
symbols. Let Σ‹ denote the set of finite words over Σ, that is, the free
monoid spanned by Σ. An element of Σ‹ is either the empty word ε or an
expression of form s1 ¨ ¨ ¨ st for some t P Zě1 and some s1, . . . , st P Σ. Let
KxxΣyy denote the K-algebra of non-commutative formal series in the non-
commutative indeterminates s P Σ. We denote by KxΣy the sub-K-algebra of
KxxΣyy made of the non-commutative polynomials in the non-commutative
indeterminates s P Σ. An element of KxxΣyy can be written as a formal sum
of the form

a “
ÿ

wPΣ‹

aww

with aw P K. Such an element of KxxΣyy belongs to KxΣy if and only if
aw “ 0 for all but finitely many w P Σ‹. We denote by KxxΣyyrat the
set of rational series; this is by definition the smallest subset of KxxΣyy that
contains KxΣy and is closed under addition, multiplication and the operation

a ÞÑ a˚ :“ p1´ aq´1 “
ÿ

ně0

an

whenever a has zero constant coefficient, i.e., aε “ 0.
For the proof of the following result, we refer to [BR88]. Recall that the

Hadamard product a d b P KxxΣyy of two formal series a “
ř

wPΣ‹ aww P
KxxΣyy and b “

ř

wPΣ‹ bww P KxxΣyy is defined by

ad b “
ÿ

wPΣ‹

awbww.

Proposition 7.1. The set KxxΣyyrat of rational series is a sub-K-algebra of
KxxΣyy containing KxΣy and closed under the Hadamard product.

The following result follows from Schützenberger Theorem; see for instance
[BR88, Chapter 1, Theorem 7.1].

Proposition 7.2. A formal series a “
ř

wPΣ‹ aww P KxxΣyy is rational if
and only if there exist m P Zě0, a morphism of monoid µ : Σ‹ Ñ Kmˆm,
a row vector τ P K1ˆm and a column vector λ P Kmˆ1 such that, for any
w P Σ‹,

aw “ τµpwqλ .

Such a triplet pµ, τ ,λq is called a linear representation of rank m of a.
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Definition 7.3. A language over Σ is a subset L of Σ‹. We say that a
language L over Σ is regular if its characteristic series

ř

wPLw is rational.

Regular languages over a finite alphabet are sometimes also called recog-
nizable languages or rational languages. The following lemmas will be used
later.

Lemma 7.4. Let a “
ř

wPΣ‹ aww P KxxΣyyrat be a rational series and let
L Ă Σ‹ be a regular language. Then, the formal series

ř

wPL aww is rational.

Proof. The characteristic series b “
ř

wPLw of L is rational because L is a
regular language. Since a is a rational series, it follows from Proposition 7.1
that the series

ad b “
ÿ

wPL

aww

is rational. �

When taking a to be the characteristic series of a language in the previous
lemma, we immediately obtain the following result.

Corollary 7.5. The intersection of two regular languages over Σ is a regular
language as well.

7.2. p-Regular elements of KQ. Let ‚ be a symbol and consider the fol-
lowing alphabet:

Σ‚,p “ t0, . . . , p´ 1, ‚u.

We let Lp denote the language over Σ‚,p composed of the words of the form

s1 ¨ ¨ ¨ st ‚ st`1 ¨ ¨ ¨ st`u

with t, u P Zě0 and si P t0, . . . , p ´ 1u, with s1 ‰ 0 if t ě 1 and st`u ‰ 0
if u ě 1. For t “ 0 (resp. u “ 0), s1 ¨ ¨ ¨ st (resp. st`1 ¨ ¨ ¨ st`u) denotes the
empty word ε. In particular, setting t “ u “ 0, we obtain that ‚ belongs to
Lp.

Proposition 7.6. The language Lp over Σ‚,p is regular.

Proof. The language L‚ made of all the words over Σ‚,p containing exactly
one symbol ‚ is regular. Indeed, it is easily seen that a linear representation
for its characteristic series is given by the triplet pµ, τ ,λq where µ : pΣ‚,pq

‹ Ñ

Q2ˆ2 is the unique morphism of monoid such that

µp‚q “

ˆ

0 1
0 0

˙

and, for all s P t0, . . . , p´ 1u, µpsq “

ˆ

1 0
0 1

˙

,

and where

τ “ p1, 1q, λ “

ˆ

´1
1

˙

.

Similarly, it is easily seen that the language made of the words over Σ‚,p not
starting with a 0 and the language of words not ending with a 0 are regular.
The language Lp being the intersection of these three regular languages, it
is regular as well thanks to Corollary 7.5. �
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The words of Lp are in one-to-one correspondence with the elements
Zrp´1sě0 via the bijection

} ¨ } : Lp Ñ Zrp´1sě0

s1 ¨ ¨ ¨ st ‚ st`1 ¨ ¨ ¨ st`u ÞÑ }s1 ¨ ¨ ¨ st ‚ st`1 ¨ ¨ ¨ st`u} “
t
ÿ

i“1

sip
t´i `

u
ÿ

i“1

st`ip
´i.

We denote the reciprocal function by

r ¨ sp : Zrp´1sě0 Ñ Lp.

We view rγsp as our preferred base-p representation of γ P Zrp´1sě0.

Example 7.7. We have:
r0sp “ ‚ } ‚ } “ 0
r1sp “ 1‚ }1 ‚ } “ 1

r1{psp “ ‚1 } ‚ 1} “ 1{p
rpsp “ 10‚ }10 ‚ } “ p

Definition 7.8. We say that paγqγPQ P KQ is p-regular if its support is
included in Zrp´1sě0 and if the formal series

ÿ

γPZrp´1sě0

aγrγsp P KxxΣ‚,pyy

is rational.

Here are several other characterizations of p-regular elements of KQ.

Proposition 7.9. Let paγqγPQ P KQ with support in Zrp´1sě0. The following
are equivalent:

(a) paγqγPQ is p-regular;
(b) we have

ÿ

γPZrp´1sě0

aγrγsp P KxxΣ‚,pyyrat;

(c) there exists
ÿ

wPpΣ‚,pq‹

bww P KxxΣ‚,pyyrat

such that, for all w P Lp, we have bw “ a}w};
(d) there exists a linear representation pµ : pΣ‚,pq

‹ Ñ Kmˆm, τ ,λq such
that,

τµpwqλ “

"

a}w} if w P Lp,
0 if w P pΣ‚,pq

‹zLp;

(e) there exists a linear representation pµ : pΣ‚,pq
‹ Ñ Kmˆm, τ ,λq such

that, for all w P Lp, we have

a}w} “ τµpwqλ.

Proof. The equivalence between (a) and (b) is the definition of p-regularity.
The fact that (b) implies (c) and the fact that (d) implies (e) are obvious.
The equivalence between (b) and (d) and the equivalence between (c) and
(e) both follow from Proposition 7.2. That (c) implies (b) is a consequence
of Lemma 7.4 and of the fact, established in Proposition 7.6, that Lp is a
regular language. �
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Definition 7.10. A linear representation pµ : pΣ‚,pq
‹ Ñ Kmˆm, τ ,λq as

in (d) of Proposition 7.9 will be called a linear representation (of rank m)
associated with paγqγPQ.

Proposition 7.11. The set of p-regular elements of KQ is a sub-K-algebra
of KQ, with respect to the termwise product.

Proof. This follows immediately from the following three assertions:
‚ the set of elements of KQ with support in Zrp´1sě0 is a K-algebra;
‚ KxxΣ‚,pyyrat is a K-vector space;
‚ KxxΣ‚,pyyrat is closed under the Hadamard product.

The first assertion is straightforward, while the last two are guaranteed by
Proposition 7.1. �

We now state two properties which will be of fundamental importance
when we will consider the generating series of p-regular elements of KQ. The
first one will allow us to consider truncations while the second one will allow
one to perform some gauge change.

Let paγqγPQ P KQ be p-regular and let δ P Q. We set

aăδγ “

"

aγ if γ ă δ,
0 else.

We define paąδγ qγPQ, paďδγ qγPQ and paěδγ qγPQ similarly.

Lemma 7.12. Let paγqγPQ P KQ be p-regular and let δ P Q. Then, the
sequences paăδγ qγPQ, paąδγ qγPQ, paďδγ qγPQ and paěδγ qγPQ are p-regular.

Proof. We prove the result for the sequence paăδγ qγPQ, the other cases being
similar. It follows from [Ked17, Example 4.2] that the language

Lăδp :“ trγsp | γ ă δu

is regular. Since the characteristic series of paăδγ qγPQ is the restriction to Lăδp
of the characteristic series paγqγPQ and since the latter is rational, it follows
from Lemma 7.4 that the former is rational. Thus paăδγ qγPQ is p-regular. �

Lemma 7.13. Let ν P Zě0, d P Zě1 and paγqγPQ P KQ. We consider
pbγqγPQ P KQ defined by

(31) bγ “

"

apγ´νq{d if γ P dZrp´1sě0 ` ν,
0 else.

Then, the following properties are equivalent:
‚ paγqγPQ is p-regular;
‚ pbγqγPQ is p-regular.

The proof of Lemma 7.13, given at the end of the current subsection, relies
on the fact that the map

Lp Ñ Lp

rγsp ÞÑ rdγ ` νsp

can be performed by finite state transducers. This fact is classical when
γ P Zě0; see [AS03, p. 142-143]. When γ P Zrp´1sě0, it is stated in [Ked17,
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Example 4.3]. For the sake of completeness and clarity, we provide a full
proof here, after a brief discussion of transducers.

A finite-state transducer (FST) is a sextuple

π “ pQ,Σ, δ, q0,∆, λq

where
‚ Q is a finite set whose elements are called states;
‚ q0 P Q is called the initial state;
‚ Σ is a finite alphabet, called the input alphabet;
‚ δ : Qˆ Σ Ñ Q is a map called the transition function;
‚ ∆ is a finite alphabet called the output alphabet;
‚ λ : Qˆ Σ Ñ ∆‹ is a map called the output function.

See [AS03, p. 140] for further details. The transition function δ has two
extensions

δ‹left : Qˆ Σ‹ Ñ Q and δ‹right : Qˆ Σ‹ Ñ Q

which are recursively defined, for any q P Q, a P Σ and w P Σ‹, by

(32) δ‹leftpq, εq “ q and δ‹leftpq, awq “ δ‹leftpδpq, aq, wq

and
δ‹rightpq, εq “ q and δ‹rightpq, waq “ δ‹rightpδpq, aq, wq.

The FST π induces two maps

πleft : Σ‹ Ñ ∆‹ and πright : Σ‹ Ñ ∆‹

which transform any element of Σ‹ into an element of ∆‹, one when reading
from left to right, the other one when reading in the other direction. They
are defined, for any s1, . . . , st P Σ, by

πleftps1 ¨ ¨ ¨ stq “ λpq0, s1qλpδ
‹
leftpq0, s1q, s2qλpδ

‹
leftpq0, s1s2q, s3q ¨ ¨ ¨

¨ ¨ ¨λpδ‹leftpq0, s1s2 ¨ ¨ ¨ st´1q, stq

and

πrightps1 ¨ ¨ ¨ stq “ λpq0, stqλpδ
‹
rightpq0, stq, st´1qλpδ

‹
rightpq0, st´1stq, st´2q ¨ ¨ ¨

¨ ¨ ¨λpδ‹rightpq0, s2 ¨ ¨ ¨ st´1stq, s1q.

Since it reads the word s1 ¨ ¨ ¨ st from left to right, by an abuse of notation,
we call πleft a left FST. Similarly, we call πright a right FST. We say that a
left or a right FST is faithful if the pre-image of any word in ∆‹ is finite.

Example 7.14. Let Σ be a finite alphabet and a P Σ. We leave to the
reader to check that the map w ÞÑ aw is a faithful left FST from Σ‹ to itself
and that the map w ÞÑ wa is a faithful right FST from Σ‹ to itself.

Example 7.15. Consider a finite alphabet Σ and choose a P Σ. Consider
the FST ptq0, q1u,Σ, δ, q0,Σ, λq with q0 ‰ q1 where δ sends any element of
Qˆ Σ to q1 and where:

λpq0, aq “ ε and,@pq, sq P Qˆ Σztpq0, aqu, λpq, sq “ s.

The induced left (resp. right) FST removes the first a on the left (resp. on
the right) of a word of Σ‹ if it begins with an a. It is faithful.
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Example 7.16 (Addition). We build a right FST which performs the addi-
tion by one on any γ P Zrp´1sě0 when reading the word 0rγsp. Let

‚ Q “ t‚, 0, 1u (the symbol ‚ will be used to signal that we haven’t
read the symbol ‚ yet, while the numbers 0, 1 will be the possible
carried numbers when computing the addition);

‚ q0 “ ‚ be the initial state;
‚ δ : Qˆ Σ‚,p Ñ Q be defined as follows:

– δp‚, sq “ ‚, for all s P t0, . . . , p´ 1u;
– δpq, ‚q “ 1 for all q P Q;
– for all q P t0, 1u and all s P t0, . . . , p´ 1u,

δpq, sq “ tpq ` sq{pu ;

‚ λ : Qˆ Σ‚,p Ñ pΣ‚,pq
‹ be such that

– for all s P Σ‚,p, λp‚, sq “ s;
– for all q P t0, 1u and all s P t0, . . . , p´ 1u,

λpq, sq “ q ` s mod p P t0, . . . , p´ 1u.

Set π “ pQ,Σ‚,p, δ, q0,Σ‚,p, λq. We leave to the reader to check that the
associated right FST is faithful and that, for any γ P Zrp´1sě0,

(33) πrightp0rγspq “ 0urγ ` 1sp for some u P t0, 1u.

Example 7.17 (Multiplication). We build a faithful right FST to perform
the multiplication by an integer d P Zě1. Let

‚ Q “ t0, . . . , d´ 1u (which we think of as the set of possible carried
numbers);

‚ q0 “ 0 be the initial state;
‚ δ : Qˆ Σ‚,p Ñ Q be defined, for all q P Q, by δpq, ‚q “ q and

δpq, sq “

Z

ds` q

p

^

, @s P t0, . . . , p´ 1u;

‚ λ : Qˆ Σ‚,p Ñ Q be defined, for all q P Q, by λpq, ‚q “ ‚ and

λpq, sq “ ds` q mod p P t0, . . . , p´ 1u, @s P t0, . . . , p´ 1u.

Set π “ pQ,Σ‚,p, δ, q0,Σ‚,p, λq and let ` be such that p` ě d. One may check
that πright is a faithful right FST and that, for any γ P Zrp´1sě0,

(34) πrightp0
`rγspq “ 0trdγsp0

u, for some t, u with 0 ď t, u ď `.

Lemma 7.13 will follow from the fact that the map γ ÞÑ dγ ` ν can be
performed by a composition of some FST and from the following result.

Proposition 7.18. Let a “
ř

wPΣ‹ aww P KxxΣyy be a formal series and let
π be a faithful left or right FST. Then, the formal series

πpaq “
ÿ

wPΣ‹

awπpwq P Kxx∆yy

is well-defined. Furthermore, πpaq is rational, if and only if the series a is
rational.
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Proof. The fact that the formal series πpaq is a well-defined element of
Kxx∆yy follows directly from the fact that π is faithful. Faithful left or right
FST are particular cases of what is called regulated rational transductions in
[KS86, Chapter 9] and even polynomial transductions. The fact that πpaq is
a rational series if a is a rational series follows from [KS86, Theorem 9.6].
The converse statement follows from [KS86, Theorem 9.13]. �

We are now in a position to prove Lemma 7.13.

Proof of Lemma 7.13. For any ν P Zě0 and d P Zě1, we consider the map

πd,ν : Lp Ñ Lp
rγsp ÞÑ rdγ ` νsp.

Set a “
ř

γPZrp´1sě0
aγrγsp and b “

ř

γPZrp´1sě0
bγrγsp. We have

πd,νpaq “
ÿ

γPZrp´1sě0

aγrdγ ` νsp “
ÿ

γ1PdZrp´1sě0`ν

apγ1´νq{drγ
1sp

“
ÿ

γ1PZrp´1sě0

bγ1rγ
1sp “ b .

So, in view of Proposition 7.18, in order to conclude the proof it is sufficient
to prove that πd,ν can be obtained as the composition of some faithful left
and right FSTs. Let us prove this is indeed the case. Since πd,ν “ π1,ν ˝πd,0,
it is sufficient to prove that π1,ν and πd,0 are compositions of some faithful
FSTs.

Let us first prove that π1,ν is a composition of some faithful FST. Since

π1,ν “ π1,1 ˝ ¨ ¨ ¨ ˝ π1,1
loooooooomoooooooon

ν times

,

it is sufficient to prove that π1,1 is the composition of some faithful FST.
Consider the faithful left FST ψ1 : pΣ‚,pq

‹ Ñ pΣ‚,pq
‹ which adds a 0 at

the beginning of a word (see Example 7.14) and ψ2 : pΣ‚,pq
‹ Ñ pΣ‚,pq

‹

which removes the first 0 on the left of a word if it begins with a 0 (see
Example 7.15). Consider the faithful right FST ψ3 built in Example 7.16.
Then, it follows from (33) that π1,1 “ ψ2 ˝ ψ3 ˝ ψ1. In particular, π1,1 is a
composition of some faithful FST.

Let us now prove that πd,0 is a composition of some faithful FST. Let ψ4

be the faithful right FST built in Example 7.17 and let ` be the least integer
such that p` ě d. Let ψ5 denote the faithful right FST which removes the
first 0 on the right of an element of Σ‚,p, if it starts with a 0 (see Example
7.15). Then, it follows from (34) that πd,0 “ ψ`5 ˝ ψ

`
2 ˝ ψ4 ˝ ψ

`
1 and, hence,

πd,0 is the composition of some faithful FST. �

7.3. Regular sequences in the classical sense. As mentioned at the very
beginning of Section 7, Allouche and Shallit [AS92] defined a notion of p-
regularity for the elements of KZě0 . In this section, we prove that an element
paγqγPQ of KQ with support in Zě0 is p-regular in our sense if and only the
sequence panqně0 P KZě0 is p-regular in the sense of [AS92].

Let Σp “ t0, . . . , p´ 1u. Set p0qp “ ε and, for n P Zě1,

pnqp “ st ¨ ¨ ¨ s0 P Σ‹p with st ‰ 0 and n “ s0 ` s1p` ¨ ¨ ¨ ` stp
t.



32 C. FAVERJON AND J. ROQUES

A sequence panqnPZě0 P KZě0 is p-regular in the sense of [AS92] if and only
if

(35)
ÿ

nPZě0

anpnqp P KxxΣ‚,pyy

is rational [AS92, Theorem 4.3]. But, for any n P Zě0, rnsp “ pnqp‚ and,
according to Example 7.14, the map w ÞÑ w‚ from Σ‹‚,p to itself can be
performed by a faithful right FST. So, it follows from Proposition 7.18 that
the series (35) is rational if and only if the series

ř

γPQ aγrγsp is. Thus, the
sequence panqně0 is p-regular in the sense of [AS92] if and only if its unique
extension paγqγPQ P KQ with support in Zě0 is p-regular in the sense of
Definition 7.8.

7.4. Deterministic finite automata. A deterministic finite automaton
with output (DFAO) is a sextuple M “ pQ,Σ, δ, q0,∆, τq, where

‚ Q is a finite set called the set of states;
‚ Σ is a finite alphabet called the input alphabet;
‚ δ : Qˆ Σ Ñ Q is a map called the transition function;
‚ q0 P Q is called the initial state;
‚ ∆ is a set, called the output set;
‚ τ : QÑ ∆ is a map called the output function.

We extend δ to a function δ‹left : QˆΣ‹ Ñ Q as in (32). Any DFAO M gives
rise to a function

gM : Σ‹ Ñ ∆

w ÞÑ τpδ‹leftpq0, wqq.

Remark 7.19. Note that we could define another function by reading the
words from right to left. However, it is a classical result [AS03, Theo-
rem 5.2.3] that this does not extend the class of functions we obtain.

Remark 7.20. It follows from Kleene’s theorem [AS03, Theorem 4.1.5] that
the regular languages are the languages L for which there exists a DFAO M ,
with output set ∆ “ t0, 1u such that L “ g´1

M p1q.

The following result states that the series produced by a DFAO are the
rational series whose coefficients belong to a finite set.

Proposition 7.21. Let a “
ř

wPΣ‹ aww P KxxΣyy. The following statements
are equivalent:

(1) the series a is rational and taw | w P Σ‹u is a finite set;
(2) there exists a DFAO M such that, for all w P Σ‹, gM pwq “ aw.

Proof. Suppose that a is rational and that the set E “ taw | w P Σ‹u is finite.
It follows from [BR88, Chapter III, Theorem 2.8] that, for any e P E, the
language Le “ tw P Σ‹ | aw “ eu is regular. Since pLeqePE is a partition of
Σ‹, it follows from [AS03, Th. 4.3.2] that there exists a DFAO M such that,
for all w P Σ‹, gM pwq “ aw.

Reciprocally, suppose that there exists a DFAO M such that, for all w P
Σ‹, gM pwq “ aw. Then, the set E “ tgM pwq | w P Σ‹u is finite. For all
e P E, Le “ tw P Σ‹ | gM pwq “ eu is a regular language by Remark 7.20
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and, hence, the series
ř

wPLe
w is rational. Since the set of rational series is

a K-algebra by Proposition 7.1, we have

ÿ

wPΣ‹

aww “
ÿ

wPΣ‹

gM pwqw “
ÿ

ePE

ÿ

wPLe

ew “
ÿ

ePE

e

˜

ÿ

wPLe

w

¸

P KxxΣyyrat.

�

7.5. Other characterizations of p-regularity. There are several other
possible characterizations of p-regular elements of KQ.

Kedlaya considered in [Ked17] the elements paγqγPQ P KQ with support
in Zrp´1sě0 for which there exists an integer m, a row vector τ P Km, two
morphisms of monoids µ, ν : t0, . . . , p ´ 1u‹ Ñ Kmˆm and a column vector
λ P Km such that, for all γ P Zrp´1sě0,

(36) aγ “ τµpst ¨ ¨ ¨ s1qνpst`1 ¨ ¨ ¨ st`uqλ

where rγsp “ s1 ¨ ¨ ¨ st‚st`1 ¨ ¨ ¨ st`u. Although this is not trivial, one can show
that these sequences coincide with the p-regular sequences introduced in
Definition 7.8. However, the rankm of a minimal representation in Kedlaya’s
model may differ from the one of a minimal linear representation in the sense
of Definition 7.10. Theorem 8.24, stated at the end of this paper, highlights
that Conditions pOΩ3q, pOΩ4q and pOΩ5q have characterizations in terms
of minimal linear representation. Such a result would be more intricate for
representations of the form (36).

Another characterization of rational series a “
ř

w aww P KxxΣyy is that
the K-vector space

Kleftpaq “ spanK

#

ÿ

w

axww | x P Σ‹

+

.

is finite dimensional, or, equivalently, that the K-vector space

Krightpaq “ spanK

#

ÿ

w

awxw | x P Σ‹

+

is finite dimensional (see [BR88, Chapter I, Proposition 5.1]). When consid-
ering regularity in the sense introduced by Allouche and Shallit, the space
Krightpaq corresponds to the p-kernel as defined at the beginning of this sec-
tion. Indeed, when dealing with integers, each map w ÞÑ wx corresponds
to some map of the form n ÞÑ qin ` j. However, in the present setting —
unlike in [AS92] — neither the maps w ÞÑ wx nor the maps w ÞÑ xw can be
translated into an arithmetic operation on Zrp´1sě0.

Eventually, using the language of automata, one could have defined p-
regular elements of KQ as those produced by some finite weighted automaton
over the alphabet Σ‚,p [BR88, Chapter I, Proposition 6.1].

8. p-Regular and quasi-p-regular Hahn series. Proof of
Theorem 1.6.

In this section, we introduce the notions of p-regular and quasi-p-regular
Hahn series and we prove Theorem 1.6. Specifically, the proof of case (Reg)
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of Theorem 1.6 is given in Section 8.5, while the proof of case (Aut) of
Theorem 1.6 is provided in Section 8.6.

8.1. p-Regular and quasi-p-regular Hahn series. In [Ked17], Kedlaya
introduced the notion of ϕ-biautomatic Hahn series and ϕ-quasi-biautomatic
Hahn series, following the approach sketched in Section 7.5. This work has
served as a source of inspiration for us, and many of the results we present
in this section have counterparts in Kedlaya’s paper.

Definition 8.1. We say that a Hahn series fpzq “
ř

γPQ fγz
γ P H is p-

regular if pfγqγPQ P QQ is p-regular in the sense of Definition 7.8. In this
case, a linear representation associated with fpzq is a linear representation
associated with pfγqγPQ in the sense of Definition 7.10.

Remark 8.2. If fpzq “
ř

γPQ fγz
γ P H is p-regular, then pfγqγPQ is p-

regular, but not every p-regular sequence arises in this way because the sup-
port of a p-regular sequence is not necessarily well-ordered.

By definition, the support of a p-regular Hahn series is a subset of Zrp´1sě0.
This is too restrictive for our purpose as the support of a p-Mahler Hahn
series may not be a subset of Zrp´1sě0. However, it turns out that, up
to a change of gauge, we can always reduce to this situation. Precisely, it
follows immediately from the standard decomposition (7) recalled in Sec-
tion 2.3 that, for any p-Mahler Hahn series fpzq P H , there exist ν P Zě0

and d P Zě1 such that the support of zνfpzdq is included in Zrp´1sě0. This
motivates the following definition.

Definition 8.3. We say that a Hahn series fpzq P H is quasi-p-regular if
there exist ν P Zě0 and d P Zě1 such that zνfpzdq is p-regular.2

As shown by the following result, an important feature in this definition is
that the p-regularity does not depend on the choice of a pair pν, dq for which
supp zνfpzdq Ă Zrp´1sě0.

Proposition 8.4. Let fpzq PH . The following properties are equivalent:
(1) fpzq is quasi-p-regular;
(2) there exist ν P Zě0 and d P Zě1 such that zνfpzdq is p-regular;
(3) there exist ν P Zě0 and d P Zě1 such that the support of zνfpzdq is

included in Zrp´1sě0 and, for all such ν, d, the Hahn series zνfpzdq
is p-regular.

The proof appears below, after the following lemma, which is analogous
to [Ked17, Lemma 6.4].

Lemma 8.5. Let fpzq P H with support in Zrp´1sě0. Then fpzq is p-
regular if and only if there exist ν P Zě0 and d P Zě1 such that the Hahn
series zνfpzdq is p-regular.

2In [AS03], Allouche and Shallit introduce quasi-p-automatic sequences as those that
coincide, up to many terms, with an automatic sequence. We draw the reader’s attention
to the fact that this notion bears no relation to our definition of quasi-p-regular series.
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Proof. Consider fpzq P H with support in Zrp´1sě0, ν P Zě0 and d P Zě1.
Setting fpzq “

ř

γPQ aγz
γ , we have zνfpzdq “

ř

γPQ bγz
γ where pbγqγPQ P Q

Q

is defined by (31). It follows from Lemma 7.13 that fpzq is p-regular if and
only if zνfpzdq is p-regular. �

Proof of Proposition 8.4. The equivalence between (1) and (2) is the defini-
tion of quasi-p-regularity. The fact that (3) implies (2) is obvious. Let us
prove that (2) implies (3).

Assume that there exist µ P Zě0 and c P Zě1 such that

gpzq :“ zµfpzcq

is p-regular. In particular, the support of zµfpzcq is included in Zrp´1sě0

and, hence, it only remains to prove that, for all ν P Zě0 and d P Zě1 such
that the support of zνfpzdq is included in Zrp´1sě0, the Hahn series zνfpzdq
is p-regular. Consider such ν, d and set

hpzq “ zνfpzdq.

Let e P Zě1 be a common multiple of c and d and set c1 “ e{c P Zě1,
d1 “ e{d P Zě1 and ω “ maxtµc1, νd1u P Zě0. As gpzq is p-regular, it follows
from Lemma 8.5 that

kpzq :“ zω´µc
1

gpzc
1

q

is p-regular as well. Therefore, the equality

zω´νd
1

hpzd
1

q “ zω´νd
1

zνd
1

fpzdd
1

q “ zωfpzeq “ zω´µc
1

zµc
1

fpzcc
1

q “ kpzq

and Lemma 8.5 imply that hpzq is p-regular. �

Let us note the following immediate consequence of Proposition 8.4.

Corollary 8.6. Let fpzq, gpzq P H be quasi-p-regular Hahn series. There
exist ν P Zě0 and d P Zě1 such that zνfpzdq and zνgpzdq are both p-regular.

The following result corresponds to [Ked17, Remark 6.6, (a), (b)].

Proposition 8.7. We have:
(1) the set of p-regular Hahn series is a Q-vector space, invariant by

Hadamard product and containing Qrzs;
(2) the set of quasi-p-regular Hahn series is a Q-vector space, invariant

by Hadamard product and containing K8 “ Qpz
1
‹ q.

Proof. The first statement (1) follows immediately from the definitions and
from Proposition 7.1.

Let us prove (2). Let f, g P H be quasi-p-regular Hahn series. Corol-
lary 8.6 ensures that there exist ν P Zě0 and d P Zě1 such that both
zνfpzdq and zνgpzdq are p-regular. Therefore, for any λ P Q, we have that
zνpf `λgqpzdq “ zνfpzdq`λzνgpzdq is p-regular by (1), so f `λg is quasi-p-
regular. This implies that the set of quasi-p-regular Hahn series is a Q-vector
space. Moreover, by (1), the Hadamard product of zνfpzdq and zνgpzdq is
p-regular, but the latter Hadamard product is equal to zνhpzdq where h is
the Hadamard product of f and g, thus h is quasi-p-regular. This justifies
the stability of the set of quasi-p-regular Hahn series by Hadamard product.
The fact that any element of K8 is quasi-p-regular follows immediately from
the fact that any element of Qrzs is p-regular. �
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Actually, the set of p-regular Hahn series is a Qrzs-algebra and the set of
quasi-p-regular Hahn series is a K8-algebras but this is much more difficult
to prove. This will follow from Theorem 1.6 (see Corollary 8.20).

The following two lemmas will be used later. They are to compare with
[Ked17, Remark 6.6, (e)] and [Ked17, Corollary 5.7] respectively.

Lemma 8.8. For any δ P Q and any quasi-p-regular fpzq “
ř

γPQ aγz
γ P H ,

the truncations fďδpzq “
ř

γPQďδ aγz
γ, făδpzq “

ř

γPQăδ aγz
γ, fěδpzq “

ř

γPQěδ aγz
γ and fąδpzq “

ř

γPQąδ aγz
γ of fpzq are quasi-p-regular.

Proof. We prove that făδpzq is quasi-p-regular, the proofs in the other cases
being similar. Let ν P Zě0 and d P Zě1 such that gpzq “ zνfpzdq has
support in Zrp´1sě0. Proposition 8.4 ensures that gpzq is p-regular. Since
găδ1pzq “ zνfăδpz

dq where δ1 “ ν ` δd, Proposition 8.4 again shows that,
in order to prove that făδpzq is quasi-p-regular, it is sufficient to prove that
găδ1pzq is p-regular. This is an immediate consequence of Lemma 7.12. �

Consider the bijective map

rev : pΣ‚,pq
‹ Ñ pΣ‚,pq

‹

s1 ¨ ¨ ¨ st ÞÑ st ¨ ¨ ¨ s1.

It induces bijections Lp Ñ Lp, Zrp´1sě0 Ñ Zrp´1sě0 and r0, 1rXZrp´1s Ñ

Zě0, still denoted by rev, making the following diagram commutative:

r0, 1rXZrp´1s Zrp´1sě0 Lp pΣ‚,pq
‹

Zě0 Zrp´1sě0 Lp pΣ‚,pq
‹

rev rev

r¨sp

rev rev

r¨sp

For any fpzq “
ř

γPQ aγz
γ P H with support in Zrp´1sě0, we set

f revpzq “
ÿ

γPZrp´1sě0

aγz
revpγq.

Note that it might not be a Hahn series, for its support is not necessarily
well-ordered.

Lemma 8.9. The following properties relative to a given fpzq P H are
equivalent:

(1) fpzq is p-regular with support in r0, 1r;
(2) f revpzq belongs to Qrrzss and is p-regular.

Proof. Let us prove (1)ñ(2). Since fpzq is p-regular, its support is included
in Zrp´1sě0. Since it is also included in r0, 1r, the support of fpzq is actually
included in r0, 1rXZrp´1sě0 and, hence, the support of f revpzq is included in
Zě0, i.e., f revpzq belongs to Qrrzss.

Moreover, let pµ, τ ,λq be a linear representation associated with fpzq in
the sense of Definition 8.1. Consider the morphism of monoids µJ : pΣ‚,pq

‹ Ñ

Qmˆm defined by

µJps1 ¨ ¨ ¨ stq “ µps1q
J ¨ ¨ ¨µpstq

J.
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Then, pµJ,λJ, τJq is a linear representation associated with the power series
f revpzq in the sense of Definition 8.1. Thus, f revpzq is p-regular.

Let us prove (2)ñ(1). Since the support of f revpzq is included in Zě0,
the support of fpzq is included in r0, 1rXZrp´1sě0. Let pµ, τ ,λq be a linear
representation associated with f revpzq in the sense of Definition 8.1. Then,
pµJ,λJ, τJq defined as above is a linear representation associated with fpzq
in the sense of Definition 8.1. Thus, fpzq is p-regular. �

8.2. p-Regular power and Puiseux series. In what follows, we will use
results about p-regular power series from [ABS23]. It follows from the dis-
cussion in Section 7.3 that the p-regular power series under consideration in
[ABS23] are p-regular in the sense of Definition 8.1.

Any p-regular power series is p-Mahler, but the converse implication is
false. Theorem 1.2 gives a characterization of the p-regular power series
among p-Mahler power series in terms of the arithmetic growth of their
coefficients. This can be easily extended to Puiseux series.

Corollary 8.10. For any p-Mahler Puiseux series fpzq P P, the following
statements are equivalent:

(a) fpzq is quasi-p-regular;
(b) fpzq satisfies pO3q or, equivalently, it satisfies pOΩ3q, pOΩ4q or

pOΩ5q.

Proof. The fact that pO3q is equivalent to pOΩ3q, pOΩ4q or pOΩ5q for a p-
Mahler Puiseux series follows from Proposition 5.2 and from the definitions
of pOiq and pOΩiq given in Section 1.

Let ν P Zě0 and d P Zě1 be such that gpzq “ zνfpzdq belongs to Qrrzss.
From Proposition 8.4, fpzq is quasi-p-regular if and only if gpzq is p-regular.
Moreover, according to Lemma 3.2, fpzq satisfies pO3q if and only if gpzq
satisfies pO3q if and only if gpzq satisfies pOΩ3q, pOΩ4q or pOΩ5q. Now, the
result follows from Theorem 1.2. �

8.3. Quasi-p-regularity of the Hahn series ξω. A first step toward the
proof of Theorem 1.6 is the following result.

Proposition 8.11. For all ω P Λ, the Hahn series ξω are quasi-p-regular.

The proof of Proposition 8.11, given at the end of this section, proceeds
by well-founded induction. To this end, we introduce the partial well-order
ă on

Ť

tě0 Ztě0 defined as follows. For α “ pα1, . . . , αtq P Ztě0 and α1 “
pα11, . . . , α

1
t1q P Z

t1
ě0, we write α1 ă α if one of the following holds:

‚ t1 ă t,
‚ t1 “ t ě 1 and α11 ă α1.

The key ingredient in setting up the well-founded induction is the following
result.

Lemma 8.12. For every ω “ pα,λ,aq P Λ, there exists λ P Qˆ and a finite
set E Ă tω1 “ pα1,λ1,a1q P Λ |α1 ă αu such that

(37) ξωpz
pq ´ λξωpzq P

ÿ

ω1PE

Qrz´
1
‹ sξω1pzq .

Proof. This is a straightforward consequence of [FR25, Lemma 12]. �
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We will also use the following result, which is to compare with [Ked17,
Lemma 9.1].

Lemma 8.13. Consider fpzq, gpzq PH and λ P Q such that

fpzpq ` λfpzq “ gpzq.

If the support of fpzq is bounded and if gpzq is quasi-p-regular, then fpzq is
quasi-p-regular as well.

Proof. By quasi-p-regularity of gpzq, there exists d P Zě1 such that the
support of gpzdq is included in Zrp´1s. Since

fppzdqpq ` λfpzdq “ gpzdq

and since fpzdq (resp. gpzdq) is quasi-p-regular if and only if fpzq (resp. gpzq)
is quasi-p-regular by Proposition 8.4, we see that it is sufficient to prove the
result in the case when the support of gpzq is included in Zrp´1s.

We assume from now on that the support of gpzq is included in Zrp´1s.
We consider the decompositions

fpzq “ fă0pzq ` f0 ` fą0pzq and gpzq “ gă0pzq ` g0 ` gą0pzq

with the notations of Lemma 8.8 for the truncations (i.e., the supports of
fă0pzq and gă0pzq are included in Zrp´1să0, the supports of fą0pzq and
gą0pzq are included in Zrp´1są0 and f0, g0 P Q). We have

fą0pz
pq ` λfą0pzq “ gą0pzq,

f0 ` λf0 “ g0,

fă0pz
pq ` λfă0pzq “ gă0pzq.

Note that the support of fpzq is bounded if and only if the support of fą0pzq
is bounded. Note also that, by Proposition 8.7 and Lemma 8.8, fpzq (resp.
gpzq) is quasi-p-regular if and only if both fă0pzq and fą0pzq (resp. gă0pzq
and gą0pzq) are quasi-p-regular. So, it is sufficient to prove the result in the
case when the supports of fpzq and gpzq are included in either Zrp´1są0 or
Zrp´1să0.

Let us first assume that the supports of fpzq and gpzq are included in
Zrp´1są0 and let us prove that fpzq is p-regular. We deduce from (8.13) that

fpzq “
8
ÿ

i“0

p´1qi

λi`1
gpzp

i
q .

The sum is well-defined because supp g Ă Zrp´1są0. Let N ą 0 be an integer
such that supp f Ă s0, N s and let r be such that supp gpzp

r
q ĂsN,`8r.

Then, setting gipzq “ gpzp
i
q, we have

fpzq “
r´1
ÿ

i“0

p´1qi

λi`1
pgiqďN pzq.

Proposition 8.5 ensures that gpzq is p-regular. Then it follows from Propo-
sition 8.4 and Lemma 8.8 that the series pgiqďN pzq are p-regular. Then, it
follows from Proposition 8.7 that fpzq is p-regular.

Let us now assume that the supports of fpzq and gpzq are included in
Zrp´1să0. As above, up to replacing fpzq and gpzq by fpz1{ptq and gpz1{ptq
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respectively for some t P Zě0 large enough, one can assume that the supports
of fpzq and of gpzq are included in s ´ 1{p, 0rXZrp´1să0. Consider hpzq “
z1{pfpzq and θpzq “ zgpzq. Note that the support of θpzq is included in
s0, 1rXZrp´1są0 and that θpzq is p-regular thanks to Proposition 8.5. Note
also that the support of hpzq is included in s0, 1{prXZrp´1są0. Therefore,
hrevpzq and θrevpzq belong to Qrrzss and Lemma 8.9 ensures that θrevpzq is
p-regular. The equation (8.13) satisfied by fpzq ensures that

hpzpq ` λzpp´1q{phpzq “ θpzq.

It follows that, for all γ P Q,

(38) hγ ` λhpγ´ p´1
p
“ θpγ .

This implies that, for all γ P Q,

hrev
γ ` λhrev

p´1γ´pp´1q “ θrev
p´1γ .

Indeed, this follows from immediately from (38) using the following proper-
ties :

‚ suppphpzqq Ăs0, 1{prXZrp´1są0 ;
‚ suppphrevpzqq Ă revps0, 1{prXZrp´1są0q “ pZě1 ;
‚ p´1γ ´ pp´ 1q P pZě1 ô p revpγq ´ p´1

p Ps0, 1{prXZrp´1są0 ; more-
over, in this case, p revpγq ´ p´1

p “ revpp´1γ ´ pp´ 1qq ;
‚ revpp´1γq “ p revpγq.

Thus, we obtain

hrevpzq ` λzppp´1qhrevpzpq “ θrevpzpq .

It follows from Lemma 8.14 below that hrevpzq is p-regular. Lemma 8.9
guarantees that hpzq is p-regular. So, fpzq is quasi-p-regular. �

In the proof of the previous lemma, we have used the following result.

Lemma 8.14 ([Dum93, Theorem 24]). Consider fpzq, gpzq P Qrrzss and
apzq P Qrzs such that

fpzq ` apzqfpzpq “ gpzq .

If gpzq is p-regular, then fpzq is p-regular as well.

Proof of Proposition 8.11. We proceed by well-founded induction : consider
an arbitrary ω “ pα,λ,aq P Λ and suppose that, for any ω1 “ pα1,λ1,a1q P
Λ such that α1 ă α, the Hahn series ξω1 is quasi-p-regular. If ω “ ppq, pq, pqq,
then ξω “ 1 is quasi-p-regular. Assume ω ‰ ppq, pq, pqq. Then, by Lemma 8.12
and by induction hypothesis, there exists λ P Qˆ such that ξωpzpq ´ λξωpzq
is a linear combination of some quasi-p-regular Hahn series. Since the sup-
port of ξω is bounded, it follows from Lemma 8.13 that ξω is quasi-p-regular.
This concludes the induction. �
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8.4. Quasi-p-regular series are Mahler. In this subsection, we prove the
following result.

Proposition 8.15. Any quasi-p-regular Hahn series is p-Mahler.

Proposition 8.15 is proved after two lemmas. In what follows, we let F
be the set of formal series

fpzq “
ÿ

γPQ
fγz

γ

with coefficients fγ P Q and with support in Zrp´1sě´N for some N P Zě0.
We let Fě0 be the set of f P F with support in Zrp´1sě0. The set F
contains the set of Hahn series with support in Zrp´1s. Moreover, it has
a natural structure of P-module (and, hence, of K8-module, where K8 “
Qpz

1
‹ q) because the usual Cauchy product fg is well-defined for f P P and

g P F (be careful, this Cauchy product is not well-defined for any pair
of elements of F ). Furthermore, the map φp : H Ñ H , which sends any
f P H to fpzpq, has an obvious extension φp : F Ñ F . It is thus meaningful
to consider the p-Mahler elements of F , i.e., the solutions in F of p-Mahler
equations.

We let L0 Ă t0, . . . , p´1u‹ be the set consisting of the empty word together
with all finite words s1 ¨ ¨ ¨ st over the alphabet t0, . . . , p´ 1u such that t ě 1
and s1 ‰ 0. Note that we have Lp “ L0‚revpL0q. For any w “ s1 ¨ ¨ ¨ st P L0,
we let

|w| “ s1p
t´1 ` s2p

t´2 ` ¨ ¨ ¨ ` st ,

so that, for any w1 ‚ w2 P Lp, }w1 ‚ w2} “ |w1| ` } ‚ w2}.

Lemma 8.16. Let fpzq be a p-regular Hahn series and let pµ, τ ,λq be an
associated linear representation. We have

fpzq “ τF1pzqµp‚qF2pzqλ

with
F1pzq “

ÿ

wPL0

µpwqz|w| P MmpQrrzssq

and
F2pzq “

ÿ

wPrevpL0q

µpwqz}‚w} P MmpFě0q.

Proof. Write fpzq “
ř

γPZrp´1sě0
fγz

γ . We have

τF1pzqµp‚qF2pzqλ “ τ
ÿ

w1PL0

µpw1qz
|w1|µp‚q

ÿ

w2PrevpL0q

µpw2qz
}‚w2}λ

“
ÿ

w1PL0,w2PrevpL0q

τµpw1 ‚ w2qλz
|w1|`}‚w2}

“
ÿ

w1PL0,w2PrevpL0q

f}w1‚w2}z
}w1‚w2}

“
ÿ

γPZrp´1sě0

fγz
γ “ fpzq .

�
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Lemma 8.17. Let fpzq P F 1ˆm
ě0 , Bpzq P Qrzsmˆm and rpzq P Qrzs1ˆm

such that either

fpzq “ fpzpqBpzq ` rpzq or fpzpq “ fpzqBpzq ` rpzq .

Then, the entries of fpzq are p-Mahler.

Proof. Let us first assume that fpzpq “ fpzqBpzq ` rpzq. Then, the finite
dimensional Qpzq-vector space V generated by the entries of fpzq and by 1
is invariant under φp. Therefore, for any g P V , the family pφkppgqqkPZě0 is
Qpzq-linearly dependent and, hence, g is p-Mahler. Since the entries of f
belongs to V , this concludes the proof.

Let us now assume that fpzq “ Bpzqfpzpq ` rpzq. We have fpz
1
p q “

Bpz
1
p qfpzq` rpz

1
p q. Then, the finite dimensional K8-vector space W gener-

ated by the entries of fpzq and by 1 is invariant under φ´1
p . Therefore, for any

g P W , the family pφ´kp pgqqkPZě0 is K8-linearly dependent and, hence, g is
p-Mahler. Since the entries of f belongs to W , this concludes the proof. �

Proof of Proposition 8.15. Consider ν P Zě0 and d P Zě1 such that zνfpzdq
is p-regular. Since fpzq is p-Mahler if and only if zνfpzdq is p-Mahler, we
can assume that fpzq is p-regular. Since “being p-Mahler” is a property
closed under sums and products, in order to prove that f is p-Mahler, it is
sufficient to prove that the entries of the matrices F1pzq and F2pzq given by
Lemma 8.16 are p-Mahler. Let ε denote the empty word in L0. The map
pw, sq ÞÑ ws induces a bijection between L0ˆt0, . . . , p´1u and t0uYL0ztεu.
Thus, we have

F1pzq “ µpεq `
ÿ

wPL0ztεu

µpwqz|w| “ µpεq ´ µp0q `

p´1
ÿ

s“0

ÿ

wPL0

µpwqµpsqzp|w|`s

“ F1pz
pqBpzq ` µpεq ´ µp0q

where Bpzq “
řp´1
s“0 µpsqz

s. It follows from Lemma 8.17 applied to each row
of F1pzq that the entries of F1pzq are p-Mahler series.

Similarly, we have

F2pz
pq “ µpεq `

ÿ

wPrevpL0qztεu

µpwqzp}‚w}

“ µpεq ´ µp0q `

p´1
ÿ

s“0

ÿ

wPrevpL0q

µpsqµpwqz}‚w}`s

“ CpzqF2pzq ` µpεq ´ µp0q

where Cpzq “
řp´1
s“0 µpsqz

s. Thus,

F2pz
pqJ “ F2pzq

JCpzqJ ` µpεqJ ´ µp0qJ

and it follows from Lemma 8.17 applied to each row of F2pzq
J that the entries

of F2pzq are p-Mahler. �
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8.5. Proof of Case (Reg) of Theorem 1.6. We are almost ready to prove
the first case in Theorem 1.6. We just need two more lemmas.

Lemma 8.18. Fix N P Zě0. Consider the maps αN : Zrp´1sě0 Ñ pNZě0

and βN : Zrp´1sě0 Ñ Zrp´1s X r0, pN r uniquely defined by the equality

γ “ αN pγq ` βN pγq.

We extend these maps to Q, setting αN pγq “ βN pγq “ γ when γ P QzZrp´1sě0.
If paγqγPQ P QQ is p-regular, then both paαN pγqqγPQ and paβN pγqqγPQ are p-
regular.

Proof. We only prove the assertion concerning paαN pγqqγPQ, the proof for
paβN pγqqγPQ being similar. Using the equality αN pγq “ pNα0pγ{p

N q and
Lemma 7.13, we see that it is sufficient to prove the result for N “ 0.
From now on, we assume that N “ 0. Recall that L0 denotes the regular
language consisting of the empty word together with all finite words s1 ¨ ¨ ¨ st
over the alphabet t0, . . . , p ´ 1u such that t ě 1 and s1 ‰ 0. Then, the
language L “ L0‚ on the alphabet t0, . . . , p´ 1, ‚u is regular and it follows
from Lemma 7.4 that the series aL “

ř

wPL0
a}w‚}w‚ is rational. Moreover,

the language revpL0q is regular (see [AS03, Corollary 4.3.5]) and, hence, its
characteristic series, say b, is rational. Thus, the series aLb is rational. But,
we have

aLb “
ÿ

v,wPL0

a}v‚}pv ‚ revpwqq

and, since Lp “ L revpL0q,

aLb “
ÿ

γPZrp´1sě0

aα0pγqrγsp.

Thus, paα0pγqqγPQ is p-regular. �

Lemma 8.19. Let f P P be a quasi-p-regular Puiseux series and g P H
be a quasi-p-regular Hahn series with bounded support. Then fg is quasi-p-
regular.

Proof. Let us first assume that f P Qrrzss and that the support of g is a
subset of Zrp´1sě0. Note that Proposition 8.5 ensures that f and g are
p-regular. Let us prove that fg is p-regular.

We first claim that, letting N be an arbitrary positive integer, it is suffi-
cient to prove this for all f P QrrzpN ss instead of all f P Qrrzss. To see this,
consider the decomposition

f “

pN´1
ÿ

i“0

fipz
pN qzi

with fipzq P Qrrzss. We have

fg “

pN´1
ÿ

i“0

fipz
pN qzig.

According to this formula and to Proposition 8.7, our claim will be estab-
lished if we can prove that, for all i P t0, . . . , pN ´ 1u, the series fipzp

N
q P
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QrrzpN ss is p-regular. To prove this, let us first note that zifipzp
N
q is the

Hadamard product of fpzq with the characteristic series χipzq of the language
given by

Li “ tw P Lp | }w} “ kpN ` i for some k P Zě0u.

But, fpzq is p-regular and χipzq is p-regular as well because Li is a regular
language. Now, the fact that fipzp

N
q is p-regular follows from the fact that

p-regularity is invariant by Hadamard products in virtue of Proposition 8.7.
So, we now assume that f P QrrzpN ss. We choose N P Zě0 so that the

support of g is included in r0, pN s X Zrp´1sě0 (this is possible because the
support of g is included in Zrp´1sě0 and bounded by assumption). Set-
ting fpzq “

ř

γPZrp´1sě0
fγz

γ and gpzq “
ř

γPZrp´1sě0
gγz

γ , our choice of N
guarantees that

fpzqgpzq “
ÿ

γPZrp´1sě0

fαN pγqgβN pγqz
γ

where αN pγq and βN pγq are defined in Lemma 8.18. But it follows from
Lemma 8.18 that pfαN pγqqγPZrp´1sě0

and pgβN pγqqγPZrp´1sě0
are p-regular and

it follows from Proposition 7.11 that pfαN pγqgβN pγqqγPZrp´1sě0
is p-regular. So,

fg is p-regular. This concludes the proof of the lemma under the assumption
that f P Qrrzss and that the support of g is a subset of Zrp´1sě0.

We now come to the general case. So, we let f be a quasi-p-regular
Puiseux series and g be a quasi-p-regular Hahn series with bounded support.
Consider ν P Zě0 and d P Zě1 such that zνfpzdq P Qrrzss and such that
the support of zνgpzdq is included in Zrp´1sě0. Since f and g are quasi-p-
regular, Proposition 8.4 implies that zνfpzdq and zνgpzdq are p-regular. It
follows from the first part of the proof that z2νpfgqpzdq “ pzνfpzdqqpzνgpzdqq
is p-regular. Therefore, fg is quasi-p-regular. �

Proof of Case (Reg) of Theorem 1.6. Suppose that fpzq is a p-Mahler Hahn
series satisfying pOΩ3q, pOΩ4q or pOΩ5q. In particular, fpzq satisfies pO3q

and Proposition 6.2 implies that

f “
ÿ

ωPE

fωξω ,

where E Ă Λst is a finite set and the fω are p-Mahler Puiseux series satis-
fying pO3q. By Corollary 8.10, the fω are quasi-p-regular. Furthermore, by
Proposition 8.11, the ξω are quasi-p-regular Puiseux series. Since the sup-
ports of the ξω are bounded, we infer from Lemma 8.19 that the products
fωξω are quasi-p-regular. Proposition 8.7 ensures that f is quasi-p-regular.

Conversely, suppose that fpzq “
ř

γ fγz
γ is quasi-p-regular. Since, for

any ν P Zě0 and d P Zě1, we have that fpzq satisfies pOΩ3q, pOΩ4q or
pOΩ5q if and only if zνfpzdq satisfies the same property, we can assume
that fpzq is p-regular. Let pµ, τ ,λq be a linear representation associated
to fpzq. On the one hand, for any γ P Q, we have denpγq “ pu, where
rγsp “ s1 ¨ ¨ ¨ st ‚ st`1 ¨ ¨ ¨ su. Thus, hpγq ě u. On the other hand, it follows
from (9) that

hpτµps1 ¨ ¨ ¨ st ‚ st`1 ¨ ¨ ¨ suqλq “ Opuq,
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where the underlying constant depends only on the height of the entries of
τ , λ and of the matrices µp0q, . . . , µpp´ 1q, µp‚q. Then,

hpfγq “ hpτµps1 ¨ ¨ ¨ st ‚ st`1 ¨ ¨ ¨ suqλq “ Opuq “ Ophpγqq

and fpzq satisfies pO3q. Moreover, Proposition 8.15 ensures that f is p-
Mahler. Then, it follows from Theorem 1.4 that fpzq satisfies pOΩ3q, pOΩ4q

or pOΩ5q. �

Let us note the following consequence of Case (Reg) of Theorem 1.6.

Corollary 8.20. The set of p-regular Hahn series is a Qrzs-algebra. The
set of quasi-p-regular Hahn series is a K8-algebra.

Proof. In light of Proposition 8.7, it only remains to prove that the product
of two p-regular (resp. quasi-p-regular) series is p-regular (resp. quasi-p-
regular). Let f, g P H be quasi-p-regular series. It follows from Case (Reg)
of Theorem 1.6 that they satisfy pO3q. Consider the standard decomposition
(7) of f and g, say

f “
ÿ

ωPE

fωξω, and g “
ÿ

ω1PE1

gω1ξω1 ,

where E,E1 Ă Λst are finite sets. Theorem 5.1 implies that the Puiseux series
fω and gω1 satisfy pO3q. Therefore, these Puiseux series are quasi-p-regular.
Since a product of p-regular power series is p-regular [AS92, Corollary 3.2],
a product of quasi-p-regular Puiseux series is quasi-p-regular. Thus, each
product fωgω1 is quasi-p-regular. We claim that each product ξωξω1 is quasi-
p-regular. Indeed, it is easily seen that ξωξω1 is a linear combination over
Qrz´

1
‹ s of some Hahn series ξω2 with ω2 P Λ; see [FR25, Proposition 13].

Since the latter are quasi-p-regular by Proposition 8.11 and since the set
of quasi-p-regular Hahn series is a Q-vector space, each product ξωξω1 is
quasi-p-regular. Now, using Lemma 8.19, we get that the products

fωgω1ξωξω1

with pω,ω1q P E ˆ E1 are quasi-p-regular and, hence, fg is quasi-p-regular.
Suppose now that f and g are p-regular. Then, fg is quasi-p-regular by

the first part of the proof. Furthermore, it has support in Zrp´1sě0. It
follows from Proposition 8.4 that fg is p-regular, as wanted. �

8.6. Proof of Case (Aut) of Theorem 1.6. Recall that deterministic fi-
nite automata (DFAO) are defined in Section 7.4. We will freely use the
terminology and notations introduced there.

Definition 8.21. Consider a Hahn series fpzq “
ř

γPQ fγz
γ P H .

‚ We say that fpzq is p-automatic if supppfq Ă Zrp´1sě0 and if there
exists a DFAO M with input alphabet Σ‚,p such that, for all γ P
Zrp´1sě0,

fγ “ gM prγspq.

‚ We say that fpzq is quasi-p-automatic if there exist ν P Zě0 and
d P Zě1 such that zνfpzdq is p-automatic.

Proposition 8.22. We have the following properties relative to fpzq PH :
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‚ fpzq is p-automatic if and only if it is p-regular and its coefficients
take finitely many values;

‚ fpzq is quasi-p-automatic if and only if it is quasi-p-regular and its
coefficients take finitely many values.

Proof. The first statement follows immediately from Proposition 7.21.
The second statement follows from the fact that the following properties

are equivalent:
(1) fpzq is quasi-p-automatic;
(2) there exist ν P Zě0 and d P Zě1 such that zνfpzdq is p-automatic;
(3) there exist ν P Zě0 and d P Zě1 such that zνfpzdq is p-regular and

its coefficients take only finitely many values;
(4) fpzq is quasi-p-regular and the coefficients of fpzq take only finitely

many values;
all the equivalences being easy, except the equivalence between the second
and third statements which follows from the first part of the proof. �

Remark 8.23. If fpzq PH is p-automatic, we may choose the DFAO given
in Definition 8.21 so that gM pwq “ 0 for any w R Lp. Indeed, the regularity
of the language Lp (Proposition 7.6) implies that there is a DFAO whose
output function is the characteristic function of Lp. Then the result follows
from [AS03, Corollary 5.4.5] or from Propositions 7.1 and 7.21.

We are now ready to prove the last part of Theorem 1.6.

Proof of Case (Aut) of Theorem 1.6. Suppose that fpzq is a p-Mahler Hahn
series satisfying pOΩ5q. It follows from Case (Reg) of Theorem 1.6 that fpzq
is quasi-p-regular. Since fpzq satisfies pOΩ5q, the coefficients of fpzq take
finitely many values. Thus, it follows from Proposition 8.22 that fpzq is
quasi-p-automatic.

Conversely, suppose that fpzq is a quasi-p-automatic Hahn series. Then,
Proposition 8.22 ensures that the coefficients of fpzq take finitely many values
and, hence, it satisfies pOΩ5q. �

8.7. Minimal linear representation and the growth behaviors pOΩ3q,
pOΩ4q and pOΩ5q. It is shown in [ABS23] that one can distinguish between
properties pOΩ3q, pOΩ4q and pOΩ5q for a given p-regular power series fpzq P
Qrrzss by looking at a minimal linear representation associated with fpzq.
The aim of this section is to extend this result to Hahn series.

Let fpzq P H be p-regular and let pµ, τ ,λq be a linear representation
associated to fpzq. We say that this representation is minimal if there is no
linear representation associated to fpzq of smaller rank.

Let m ě 1 be an integer and let Γ be a monoid of mˆm square matrices
with entries in Q. Following [ABS23], we say that Γ is tame if every eigen-
value of every element of Γ is either 0 or a root of unity. Note that any finite
monoid of matrices is tame.

Theorem 8.24. Let fpzq P H be a quasi-p-regular Hahn series and let
ν P Zě0 and d P Zě1 be such that zνfpzdq has support in Zrp´1sě0. Let
pµ, τ ,λq be a minimal linear representation associated with zνfpzdq. Then,
the following hold:
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‚ fpzq satisfies pOΩ3q if and only if the monoid µpΣ‹‚,pq is not tame;
‚ fpzq satisfies pOΩ4q if and only if the monoid µpΣ‹‚,pq is tame but
not finite;

‚ fpzq satisfies pOΩ5q if and only if the monoid µpΣ‹‚,pq is finite.

Proof. Set gpzq “ zνfpzdq “
ř

γPQ gγz
γ . By Definitions 7.10 and 8.1, we

have
gγ “ τµprγspqλ

for all γ P Zrp´1sě0 and τµpwqλ “ 0 for any w P Σ‹‚,pzLp.
Suppose that µpΣ‹‚,pq is not tame. Our proof is an adaptation of that of

[ABS23, Lemma 8.4]. Since µpΣ‹‚,pq is not tame, there exists a word w0 P Σ‹‚,p
such that µpw0q has an eigenvalue ρ which is not a root of unity. Let v P Qm

be such that µpw0qv “ ρv. Since the representation is minimal, there exist
words w1, . . . , wm P Σ‹‚,p such that µpw1qλ, . . . , µpwmqλ form a basis of Qm.
Let κ1, . . . , κm P Q be such that v “ κ1µpw1qλ ` ¨ ¨ ¨ ` κmµpwmqλ. Again,
by minimality, there exists a word w P Σ‹‚,p such that τµpwqv ‰ 0. Then,
for any k P Zě1,

m
ÿ

i“1

κiτµpww
k
0wiqλ “ τµpwqµpw0q

kv “ ρkτµpwqv ‰ 0.

Since ρ is not a root of unity, there exists a place v such that |ρ|v ą 1. Then,
there exists a positive real number c0 and an integer i P t1, . . . ,mu such that

(39) |τµpwwk0wiqλ|v ě c0|ρ|
k
v

for any k in an infinite set E Ă Zě1. For any k P E, we have τµpwwk0wiqλ ‰ 0
and, hence, wwk0wi P Lp. For any k P E, we set γk “ }wwk0wi}. It follows
from (39) that there exists c1 ą 0 such that, for any k P E, hpgγkq ě c1k.
Moreover, we have hpγkq “ Opkq. Therefore, there exists c2 ą 0 such that,
for all k P E,

hpgγkq ě c2hpγkq.

Therefore, gγ P Ωphpγqq. Moreover, since g is p-regular, we infer from Theo-
rem 1.6 that it satisfies pO3q. Finally, g satisfies pOΩ3q and it follows from
Lemma 3.2 that f satisfies pOΩ3q.

Suppose now that µpΣ‹‚,pq is tame but not finite. Arguing as in the proof of
[ABS23, Lemma 9.2], we obtain that the coefficients of g take infinitely many
distinct values. Thus, g and, hence, f do not satisfy pOΩ5q. Moreover, a
straightforward adaptation of the proof of (b)ñ(c) in [ABS23, Theorem 8.3]
shows that f satifies pO4q. Thus, we infer from Theorem 1.4 that f satisfies
pOΩ4q.

Finally, suppose that µpΣ‹‚,pq is finite. Then the set tgγ | γ P Qu “
tfγ | γ P Qu is finite and, hence, fpzq satisfies pOΩ5q. �
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