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ABSTRACT. This paper is a companion to our previous work [FR25]
and focuses on the asymptotic growth of the logarithmic Weil height of
the coefficients of Hahn series solutions to Mahler equations. Extending
recent results of Adamczewski, Bell, and Smertnig on power series so-
lutions of Mahler equations, we show that five distinct types of growth
behavior can occur. We further prove that three of these growth behav-
iors correspond to specific automaticity or regularity properties, remi-
niscent of the notions of ¢-biautomaticity and quasi-p-biautomaticity
introduced by Kedlaya in his description of the algebraic closure of the
field of Laurent series over an algebraically closed field of positive charac-
teristic. As a consequence, we obtain an alternative formulation of the
purity theorem & la André and Chudnovsky—Chudnovsky for Mahler
equations established in [FR25]. In particular, we show that the min-
imal Mahler equation associated with a regular Hahn series admits a
basis of solutions whose elements also satisfy the corresponding regular-

ity property.
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We let p > 2 be an integer. The present work takes its source in the
recent paper [ABS23| in which Adamczewski, Bell and Smertnig conduct
an in-depth study of the asymptotic growth of the coefficients of p-Mahler
power series, as measured by their logarithmic Weil height. By p-Mahler
power series, we mean a power series f(z) € Q[[z]] with coefficients in the
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field of algebraic numbers Q satisfying a linear p-Mahler equation, that is a
linear functional equation of the form

(1) ag(2)f(2) + a1(2) () + - + am(2) f(P") = 0
where ag(z),...,an(z) belong to the field
— 1 — 1
Ko =Q(z%) = | QG#)
keZ=1

of ramified rational functions and are such that ag(z)am,(z) # 0. More
generally, in the rest of this paper, by p-Mahler Laurent series (resp. Puiseux
series, Hahn series, etc.), we will mean a Laurent series (resp. Puiseux series,
Hahn series, etc.) satisfying a functional equation of the form (1). The study
of Mahler equations has developed into a rich and rapidly evolving area of

research. The main result of [ABS23| is the following striking height gap
theorem.

Theorem 1.1 ([ABS23, Theorem 1.1]). The sequence of coefficients (f)xr=0

of any p-Mahler power series f(z) = Xez_, fr2® € Q[[2]] satisfies one of
the following mutually exclusive properties:

(OQ1) h(fy) € © ~ OQk);
(OQ) A(frx) € © N Qlog?k);
(O93) hi(fx) € © nQlogk);
(OQ4) h(fx) € © nQloglogk);
(095) (fy) € O(1).

We have denoted by /() the logarithmic Weil height of a € Q, i.e.,
fi(a) = log H(«) where H(«) is the Weil height of a. We refer to Section 3
for details and references, and simply note here that these quantities are
intended to capture the arithmetic “size” of a. For instance, if v = 7 is
a rational number written in lowest terms, then A(y) = logmax{|al,|b|}.
Moreover, for any (ax)r=0, (bx)r=0 € R?>0, the notation a, € O(b;) means
that there exists C' > 0 such that, for all but finitely many k € Z~(, we have
lax| < C|bg| and the notation ay € Q(by) means that there exists ¢ > 0 such
that, for infinitely many k € Zso, we have |ag| > c|bx|. Last, the notation
ax € O N Q(by) means that a; € O(by) and ag € Q(bg).

In addition to Theorem 1.1, Adamczewski, Bell and Smertnig have estab-
lished the remarkable fact that the p-Mahler power series satisfying (©O€3),
(O€Qy) or (O0Q5) correspond to the generating series of classical classes of
sequences. Their result can be stated as follows (we refer to Section 8 for
further details and the relevant definitions).

Theorem 1.2 (J[ABS23, Theorem 1.2]). Let f(z) € Q[[z]] be a p-Mahler
power series. The following hold:
o f(2) is p-reqular if and only if f(z) satisfies (OQ3), (OQy) or (ON5);
o f(2) is p-automatic if and only if f(z) satisfies (O€5).

Now, let us turn to the content of the present article.

1.1. p-Mahler equations and Hahn series. Theorem 1.1 can be easily
extended to Puiseux series; see Proposition 5.2. However, much more com-
plicated series arise in the context of p-Mahler equations. This can already
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be observed on the following simple order 1 (inhomogeneous) p-Mahler equa-~
tion:

(2) ) = f(2) = =,
Indeed, it is easily seen that (2) has no Puiseux series solution but, if we
permit series with arbitrary denominators in their exponents, we find the

following solution:
_1

(3) Yok

k=1
The latter series belongs to the field

A = Q=)
of Hahn series with coefficients in Q and value group Q; see Section 2 for
details and references. It turns out that Hahn series are central to the theory
of Mahler equations as shown by the following result: the difference field
(A, ¢p), where ¢, is the field automorphism of J# sending f(z) on f(2P),
has a difference ring extension (R, $,) with field of constants R% = {f €
R | ¢p(f) = f} equal to Q such that

e for any c € @X, there exists e. € R which is not a zero divisor
satisfying ¢p(e.) = cee;

o there exists £ € R satisfying ¢,(¢) = £ + 1;

e any p-Mahler equation of the form (1) has m Q-linearly independent

solutions y1,...,Yym € R of the form
(4) yi = Z ficject!

where the sum has finite support included in = = Q" x Z=¢ and the
fiej €  are p-Mahler Hahn series.
See [Roq21, Roq24].
This result motivates the following definition.

Definition 1.3. We will call generalized p-Mahler Hahn series' any element
y of R of the form

(5) y= 2, fejecl’
(c.d)€E
where the sum is finite and the f.; € € are p-Mahler Hahn series.

1.2. Height gap theorem for p-Mahler Hahn series. The preceding dis-
cussion naturally raises the question of how the coefficients of the p-Mahler
Hahn series behave. In light of Section 1.1, and in particular the decompo-
sition (4), answering this question would provide a thorough understanding
of the behavior of the coefficients of solutions to p-Mahler equations. Our
main result with this respect is the following extension of Theorem 1.1 to
Hahn series.

l1n [FR25], we introduced the notion of generalized p-Mahler series. As explained in
Section 6 these series coincide with the generalized p-Mahler Hahn series introduced here.
However, since we focus on the coefficients of the Hahn series involved in (4), we prefer to
refer to them as generalized p-Mahler Hahn series in this paper.
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Theorem 1.4. Any p-Mahler Hahn series f(z) = 3, cq f127 € A satisfies
one of the following mutually exclusive properties:

(O) h(fy) € O nQH(y));
(O) A(fy) € © nQlog? H());
(OQ3) A(fy) € OnQlogH(v));
(O) h(fy) € ©nQloglog H(7));
(0Q5) A(fy) € O(1).

In the previous result, we have used the following natural extensions of
the notations © and Q recalled above. For any (a.),ecq, (by)sep € R?, the
notation a, € ©O(b,) means that there exists C' > 0 such that, for all but
finitely many v € Q, we have |a,| < Clby| and the notation a, € (b,)
means that there exists ¢ > 0 such that, for infinitely many v € QQ, we have
lay| > c|by|. Last, the notation ay, € © n Q(b,) means that a, € O(b,) and
ay € Q(by).

Remark 1.5. 1. When f(z) € Q[[2]], each condition (OR,.) of Theorem 1.4
is equivalent to the corresponding condition (OS,.) of Theorem 1.1. Indeed,
for any v = k € Z=1, we have H(y) = k.

2. However, the following example shows that, when dealing with Hahn
series, the quantity H(vy) cannot be replaced by the usual absolute value |7|
in the growth conditions (O),) of Theorem 1.4. Consider the slight variant
of (3) given by

92) = Y027 = Y2 T e,
veQ k=1
which is solution of
y(2P) = 22271y (2) + 2271
The Weil height of the coefficients of g(z) is given by

91 3,) = A(2") = klog(2)

Their growth is unrelated to the growth of the usual Archimedean absolute
value of 1 — 1%’ since the latter is approrimately equal to 1. Rather, it is

related to the growth of the denominator of 1 — #, to which the Weil height
1S sensitive.

1.3. Quasi-p-regular and quasi-p-automatic Hahn series. In light of
Theorem 1.2, it is natural to ask whether the p-Mahler Hahn series satis-
fying (OQ3), (OQy) or (ON5) have a particular origin. It turns out that
this is indeed the case. The key concepts, introduced Section 8, are those
of quasi-p-automatic and quasi-p-regular Hahn series, which extend to Hahn
series the notions of p-automatic and p-regular power series, and are remi-
niscent of the quasi-p-biautomatic Hahn series introduced by Kedlaya over
fields of positive characteristic in [Ked17|. Their origin lies in theoretical
computer science. Heuristically, quasi-p-regular Hahn series are those that,
after a gauge transformation, can be produced by a weighted finite automa-
ton reading the base-p expansion of the elements of Z[p~1]>0. Among them,
quasi-p-automatic Hahn series are precisely those for which one may take
the automaton to be deterministic. We prove the following.
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Theorem 1.6. Let f(z) be a p-Mahler Hahn series. The following hold:

(Reg) f(z) is quasi-p-regular if and only if f(z) satisfies (O€23), (O) or
((995);

(Aut) f(z) is quasi-p-automatic if and only if f(z) satisfies (OQs).

Note that a Hahn series satisfies (O€5) if and only if its coefficients belong
to a finite set. Thus (Aut) can be restated as follows: a p-Mahler Hahn series
is quasi-p-automatic if and only if its coefficients belong to a finite set.

Furthermore, it is actually possible to distinguish between the three growth
behaviors (O€3), (OQ4) and (O5) in Case (Reg) of Theorem 1.6 by con-
sidering the minimal linear representation associated with the sequence of
coefficients of f(z); see Section 8.7 for further details.

Remark 1.7. Roughly speaking, Theorem 1.6 asserts that p-Mahler Hahn
series exhibiting “special” growth properties must have a “special” origin. This
phenomenon is in keeping with the spirit of the Bombieri—Dwork conjecture,
which predicts that the minimal differential equation satisfied by a G-function
s of geometric origin.

1.4. Purity theorem. Theorem 1.4 reveals five ©O-growth conditions for
p-Mahler Hahn series: we say that f = Zv f27 € A satisfies

o (O1) if i(fy) € O(H(7));

e (0) if fif,) € O(log? H(7)):

* (O3) if ii(fy) € O(log H(7));

o (O4) if fi(f,) € O(loglog H(7));

e (05) i A(f,) € O(1).

We extend these growth conditions to the generalized p-Mahler Hahn se-

ries as follows.

Definition 1.8. Consider a generalized p-Mahler Hahn series
(6) y = Z feject € R
where the sum is finite and the f.; € € are p-Mahler Hahn series. We say

that y satisfies (A — ©,) for some r € {1,...,5} if the f.; € H involved
in (6) satisfy (O).

It follows from Theorem 1.4 that any generalized p-Mahler Hahn series
satisfies (# — ©p). Therefore, the five growth conditions (% — ©y) to
(A — Os) induce the following filtration on the set of generalized p-Mahler
series:

{generalized p-Mahler series}
= {generalized p-Mahler series satisfying (7 — O;)}
2 {generalized p-Mahler series satisfying (/" — Oq)}
2 {generalized p-Mahler series satisfying (/" — O3)}
2 {generalized p-Mahler series satisfying (/" — O4)}
2 {generalized p-Mahler series satisfying (7 — O3)}.

We are now ready to state our purity theorem guaranteeing that the mem-
bership of a generalized p-Mahler series to one of the three largest pieces of
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this filtration propagates to all other generalized Mahler Hahn series solu-
tions of its minimal Mahler equation.

Theorem 1.9 (Purity Theorem). Assume that a generalized p-Mahler Hahn
series y satisfies (A — O,) for some r € {1,2,3}. Then, the minimal p-
Mahler equation of y over Koy has a full basis of generalized p-Mahler Hahn
series solutions satisfying (A — ©O,.).

Combining Theorem 1.9 with Theorem 1.6, we immediately obtain the
following result.

Corollary 1.10. Let f € 5 be a quasi-p-reqular Hahn series. Then, its
minimal p-Mahler equation over Ko has a full basis of solutions y1,...,Ym

of the form '
Yi = Z fi,c,jecgj

(c,g)€E
where the sum is finite and the f; . ; are quasi-p-reqular Hahn series.

1.5. Proof strategy and organization of the paper. Section 2 starts
with a brief review of Hahn series and continues with the description of an
explicit basis (£,)wea,, of the module of p-Mahler Hahn series over the ring
of p-Mahler Puiseux series introduced in [FR25]. This basis will serve as a
crucial tool in the proofs of our main results. Indeed, we will deduce Theo-
rem 1.4 as a special case of a more precise statement, namely Theorem 5.1,
and the proof of the latter may be summarized as follows.

e We first establish the result for p-Mahler Puiseux series as a direct
consequence of Theorem 1.1.

e We then prove it for the elements of the basis (§w)wea,,- In this
step, we no longer appeal to Theorem 1.1, but instead rely on a
novel height gap theorem for multi-recurrence sequences established
in Section 4, which is of independent interest.

e Next, we prove Theorem 5.1 when f(z) is the product of a p-Mahler
Puiseux series and one of the Hahn series &,,.

e Finally, we prove it in full generality by carefully analyzing the in-
tersections of the supports of such products.

As preliminaries to this program, Section 3 recalls some facts about the
logarithmic Weil height of algebraic numbers. In Section 4, we establish the
height gap theorem for multi-recurrence sequences mentioned above. Finally,
Section 5 is devoted to the proof of Theorem 5.1 (from which Theorem 1.4
follows immediately), according to the strategy outlined above.

In Section 6, using Theorem 5.1, we prove Theorem 1.9 by showing that
it is equivalent to the purity theorem from [FR25].

Finally, Sections 7 and 8 are devoted to notions of automaticity and regu-
larity for sequences and Hahn series, and contain the proof of Theorem 1.6.
As in the proof of Theorem 1.4, we proceed in stages for proving Theo-
rem 1.6: first for Puiseux series, then for the elements of the basis (£,)weA.; s
and finally for products of both. The general case then follows easily.

Acknowledgements. The research presented in this paper was inspired by
discussions with Boris Adamczewski during the early stages of this project.
We warmly thank him. The work of the second author was supported by
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2. p-MAHLER HAHN SERIES

2.1. Generalities on Hahn series. We recall that an element of the field
of Hahn series J¢ is an f = (fy) e € QQ whose support

supp(f) = {ve Q| f, # 0}

is well-ordered (i.e., any nonempty subset of supp(f) has a least element)
with respect to the restriction to supp(f) of the usual order on Q. Such an
element of /7 is usually (and will be) denoted by

f=> 5
~7eQ

The sum and product of two elements f = Zye@ 427 and g = Z'yeQ gy27 of
F¢ are given by

f+g= Z:(fw"'gw)z7 and  fg = Z Z Fygyr |27

1€Q ¥EQ \V'+v"=v

The fact that the supports of f and g are well-ordered implies that there are
only finitely many (7/,7”) € Q x Q such that 7' ++” = v and f, g, # 0.
Thus, the sums 27, +y1=n fr7 gy are meaningful.
The field 7 of Hahn series contains the field
2 =) = |J Qh)
keZ=1

of Puiseux series as a subfield but it is much bigger. A typical example of
Hahn series which is not a Puiseux series is given by (3).
We shall now introduce a family of Hahn series that will be central to this

paper.
2.2. The Hahn series &,. Consider the following sets
A= |J A where A, =75 x (Q°) x QL.
teZ>o

Notation 2.1. Throughout this paper, unless stated otherwise, we let w be
an element of A. We will set w = (o, A,a) with a = (a1,..., ) € Z;O,

A=A, \) € (@X)t and a = (ay,...,a;) € QL where ¢ is the unique
element of Z~( such that w € A;. When several elements of A are considered
simultaneously, we will use variants such as w’ = (a/,X,a’) with o/ =

! — X / /
(.., a)eZhy, N = (N},...,\,) € (Q")" and @’ = (a},...,a}) € QL.
If t € Z~1, then, for any w € A;, we consider the Hahn series defined by
w(z) =
a

L . at
Z k,loq .. .k;?t)\’lf1)\l2€1+k2 . .)\i€1+---+ktz SFL T R thg IR TR ¢
ki,...,ke=1
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When t = 0, the sets tho» (@X )t and QL have just one element, namely
the empty vector (), so Ag = {((),(), ()} and we set

£0.0.0)(2) = L.
These are well-defined p-Mahler Hahn series; see [FR25, Section 2.

2.3. Standard decomposition of p-Mahler series. The interest of the
Hahn series &,, in our context lies in the fact, shown in [FR25|, that any p-
Mahler Hahn series is a linear combination with coefficients in the ring of p-
Mabhler Puiseux series of the &, with w € A. However, such a decomposition
is not unique in general. To solve this problem, we introduced in loc. cit. the
set
A= | ZLox @) xNj, c A
tel=o0

where N, denotes the set of positive rational numbers whose denominator
is coprime with p and whose numerator is not divisible by p. We have the
following result.

Proposition 2.2 ([FR25, Proposition 25|). Any p-Mahler Hahn series f(z) €
FC can be uniquely written as a finite sum of the form

(7) f: Z fw&w

weAst

where (fuw)weAy, @5 a family of p-Mahler Puiseux series.

In other words, the family of p-Mahler Hahn series (£ )wea., form a basis
of the module of p-Mahler Hahn series over the ring of p-Mahler Puiseux
series.

3. LOGARITHMIC WEIL HEIGHT, CONDITIONS (O€,) AND (O,)

3.1. Logarithmic Weil height of an algebraic number. We normalize
the non-trivial absolute values on number fields as in [Wal00]. Precisely, for
the archimedean place of @@, we use the usual absolute value and, for any
prime number p, we normalize the p-adic absolute value by |p|, = 1/p. For
a number field K and a place w of K extending a place v of Q, let

|l = | N, g, ()¢ P21,

where K,, and Q, denote the completions of K and Q with respect to the
places w and v respectively. The set of places My on K satisfies the product
formula, i.e., for any o € K*, we have

[T lafe®T =1,
WEMK
The absolute Weil height of o € Q is defined by
H(a) = [ max{1,laly™®))
weM

where K is any number field containing a. The value H () does not depend
on the choice of the number field K. For instance, for a = a/b e Q* with a,
beZ,b+# 0, and ged(a,b) = 1, we have

(8) H(a) = H(a/b) = max{lal, [b}.



HAHN SERIES AND MAHLER EQUATIONS: HEIGHT GAP THEOREM 9

The logarithmic absolute Weil height of o € Q is defined by
hi(a) = log H(a).

The only properties we shall use in the rest of the paper are the following:

fi(a™) = |n|i(«a) for any n € Z, when a # 0,
(9) R(oB) < A(0)+A(B),
Rla+8) < log(2) +A(a) + A(H)
fi(a) = 0 if and only if v is 0 or a root of unity.

For further details on these and other properties of the Weil height we refer
the reader to [Wal00].

3.2. The conditions (Of,) and (©,). Consider the maps on Q defined as
follows:

o fiy:y— H(y),

o fiy:y—log? H(v),

e fig:y— log H(Y),

e fiy:y— loglog H(y) for v ¢ {—1,0,1}, and fiy(y) = 0 otherwise,

o fig:ym— 1.
With these notations, for any r € {1,...,5}, the condition (©f2,) introduced
in Theorem 1.4 of Section 1 becomes:

(©92,) fi(f,) € © n QA (7))
and the condition (©,) introduced in Section 1.4 becomes:

(Or) A(fy) € O(fr(7)).
The following lemmas will be used several times in the rest of the paper.

Lemma 3.1. Consider r € {1,...,5}, v € Q and d € Q*. There exist
c1,c2 > 0 such that, for all but finitely many v € Q,

alir(v) < fip(dy + v) < c2fir (7).
Proof. Let
co :=log(2) + A(d) + A(v) = log(2) + A(d) + A(—v).
Using (9), we get, for all v € Q,
h(dy +v) <log(2) + h(dy) + (V)
<log(2) + A(d) + A(y) + A(v) = ~() + co .
Similarly, we have, for all v € Q,
h(dy +v) = h(y) — h(d™Y) —log(2) — A(—v) = h(Y) — co
So, we have, for all v € Q,
(10) fi(y) —co < i(dy +v) < A(y) + co.

But, for all but finitely many v € Q we have £,(y) = fr(A()) where fi(z)

ecc’ f2($) = 1'2, fg(ﬂf) =7, f4($) = logx and f5(l') =1 Applylng fT‘ to (10)7
we get, for all but finitely many v € Q,

fr(h(7) = co) < fir(dy +v) < fr(A(7y) + co)-
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As, for any M > 0, the set of v € Q such that () < M is finite, in order
to conclude, it is sufficient to prove that there exist ¢q, co > 0 such that, for
all x > 0 large enough, f.(z —co) = c1fr(x) and fr(x + o) < cafr(x). The
latter property is clearly true. U

Lemma 3.2. Consider r € {1,...,5}, v € Q, d € Qs and f € . The
following properties are equivalent:

(a) fe I satisfies (OQ;);

(b) 2V f(2%) satisfies (OQ,.).
Proof. Let us first prove that (b) implies (a). So, we assume that g(z) =
2V f(2%) satisfies (O9,). Setting f(z) = 2, [y27 and g(z) = 3 9427, we
have, for any v € Q, fy = gdy+»- On the one hand, since g satisfies (O€2,.),
we have

K(fy) = £(gaysv) € Ol (dy + 1))

and it follows from Lemma 3.1 that
R(fy) € O (7).

On the other hand, since g satisfies (O€Q,.), there exists ¢ > 0 such that, for
infinitely many v € Q,

K(fy) = £(gays0) > coliy(dy + v).
Furthermore, Lemma 3.1 ensures that there exists ¢; > 0 such that, for all
but finitely many v € Q, we have £, (dy + v) > ¢1/,(7). Thus, for infinitely
many 7 € Q,

ﬁ(fv) = ﬁ(gd'erV) = COFLT(d7 + V) = Coclﬁr(’w .
It follows that f satisfies (O€,.). This concludes the proof that (b) implies
a).
( )Let us now prove that (a) implies (b). So, we assume that f satisfies
(O9,). Setting g(z) = 2”f(2%), we have that z_%g(z%) = f(z) satisfies
(O€Q;). By the first part of the proof applied with f instead of g, —% instead
of v and é instead of d, we get that g satisfies (©Of2,) as well. O

Similarly, we have:

Lemma 3.3. Consider r € {1,...,5}, v € Q, d € Q=g and f € . The
following properties are equivalent:

(1) f e satisfies (Oy);

(2) 2 f(2%) satisfies (O,).

4. A HEIGHT GAP THEOREM FOR MULTI-RECURRENCE SEQUENCES

This section is devoted to the proof of a height gap theorem for multi-
recurrence sequences over Q. We will use this result to derive Property (ii) of
Theorem 5.1, which classifies the Hahn series &€, according to the conditions
(©O,) in terms of certain properties of the tuple w. A multi-recurrence
sequence is a map of the following form

(11) Fil=0 — Q
(k.o ke) = Xy Pk, k)0f -0,

where
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® SE Z>0 and ZLE Z)l;
° Pl, .. .,Ps € Q[Xl, Ce ,Xt]\{()},
o the t-uples 01 := (011,...,014),...,05:= (Bs1,...,05:) € (Q°) are

pairwise distinct.

These maps have been the subject of many papers; see [FH22] and the ref-
erences therein. Our main result with respect to these sequences is the
following height gap theorem.

Theorem 4.1 (Height gap theorem for multi-recurrence sequences). Any
multi-recurrence sequence F of the form (11) satisfies one of the following
properties:

(Lin)  A(F(k1,...,kt)) € O n Q(k1 + --- + k) if one of the 0;; is not a
root of unity;

(Log) A(F(ki,...,kt)) € ©nQlog(ky +--- + kt)) if each 0;; is a root of
unity and some P; is non-constant;

(Bnd) A(F(k1,...,k)) € O(1) if each 8 ; is a root of unity and each P is
constant.

In the previous result, given two maps u,v : (Zso)! — R U {—o0}, the
notation w(ki,...,k:) € O(v(ki,...,k)) means that there exists ¢ > 0
such that, for all but finitely many (k1,...,k) € (Z0)!, |u(ky,... k)| <
clv(ki, ..., kt)|. The notation w(ki,..., k) € Q(v(ki,...,kt)) means that
there exists ¢ > 0 such that, for any C' = 0, there exists ki,...,k € Z>¢
such that |u(k1,..., k)| = clv(ki,..., k)|; it is equivalent to require that
there exists ¢ > 0 such that, for any C' = 0, there exist infinitely many ¢-
uples (k1,...,kt) € (Z=c)! such that |u(ky,... k)| = clv(ki,..., k)| Last,
the notation w(ky,..., k) € O n Qv(ky,..., k) means that u(ky,... k) €
O(v(ky,...,kt)) and u(ky, ... k) € Qu(ky, ..., k)).

Before proving Theorem 4.1, we establish a non-vanishing result for multi-
recurrence sequences.

4.1. Non-vanishing of multi-recurrence sequences. The decomposi-
tion (11) of a multi-recurrence sequence is unique up to reordering the terms,
as the following result implies.

Lemma 4.2. A multi-recurrence sequence (11) is null if and only if s = 0.

Proof. Lemma 2.2 of [Sch03| states that, for any positive integer ¢, the maps
of the form

7zt - Q
(ki,..., k) — kfl---kftelfl---ﬁft,
with a1,...,a; € Z=g and 01,...,0; € @X, are linearly independent over Q.
The same argument applies verbatim to their restrictions to (Zsg)?, yielding
the present lemma. O

We deduce the following.

Lemma 4.3. Let F be a multi-recurrence sequence of the form (11) with
s = 1. Then, for any C = 0, there exist ki,...,k € Zsc such that
F(ki,... k) #0.
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Since the values of a multi-recurrence sequence generate a finite field ex-
tension of @@, one may reformulate this as follows: for any non-zero multi-
recurrence sequence F', one has fi(F(ky,...,kt)) € Q(1).

Proof. We prove the contrapositive statement. So, we suppose that there
exists C' = 0 such that, for all ky,...,k € Z>c, F(ki,...,k) = 0. Consider
the map G : (Zx¢)! — Q defined by

G(k’l,...,kt)ZF(kl-i-C,...,]{t-FC)

S
=Y Pikr +Cyo ey + C) (051 0;)C00 - 0%
i=1
This multi-recurrence sequence is equal to 0 by hypothesis. By Lemma 4.2,
for all i € {1,..., s}, the polynomial
Pl(Xl +C,..., X + C)(ez,l s Hi,t)c € @[Xl, - ,Xt]

is null. Thus, the polynomials P, ..., Ps are null, whence a contradiction.
O

4.2. Proof of Theorem 4.1. Theorem 4.1 combines two types of estimates:
lower bounds (the Q-estimates) and upper bounds (the ©O-estimates). These
estimates are established in the following two sections and are then combined
in Section 4.2.3 to prove Theorem 4.1.

4.2.1. Lower bounds.

Lemma 4.4. Let F be a multi-recurrence sequence of the form (11) with
s = 1. The following properties hold:

(a) A(F(k1,...,kt)) € Q(k1 + -+ + ki) if one of the 6;; is not a root of
unity;

(b) A(F(k1,...,kt)) € Qog(kr + -+ + ki) if one of the P; is non-
constant.

Proof. We only prove (a), the proof of (b) being similar.

Let us first prove (a) in the case t = 1. Let © c Q@ be a finite set of
algebraic numbers, not all roots of unity, and let

co :=min{A(#) | € © not a root of unity} > 0.
Let F : Z=o — Q be defined by
F(k) = Py(k)0} + -~ + Ps(k)0s

for some Pi,...,P; € Q[X]\{0} and some pairwise distinct 61,...,0s €
O that are not all roots of unity. We prove by induction on A(F) :=
> (deg P; + 1) that, for infinitely many k € Zxo,

(12) A(F(k)) = %k

Base case. If A(F) =1, thens=1, P| € Q7, 6 is not a root of unity and
F(k) = P10%. Tt follows from (9) that

h(F(K)) = h(POF) = h(0Y) — h(P1) = kh(0)) — h(PL) = kco — R(P).
Hence, (12) holds for all k € Z>( large enough.
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Inductive step. Suppose A(F') = 2. Up to renumbering, we can assume that
s is not a root of unity. We consider the recurrence sequence G : Z>g — Q
defined by

S
Gk) = Flk+ 1)~ 0,7 (k) = 3 @5k}
j=1
where Q;(X) = 0;P;(X + 1) — 61P;(X) € Q[X]. Note that, for any j €
{2,...,s}, we have deg (); = deg P;. Furthermore, Q1 = 0 if deg P; = 0 and
deg @1 = deg P; — 1 otherwise. Therefore, we have A(G) = A(F) — 1. By
induction, there exists an infinite set K such that, for all k € K, we have
co

Moreover, using (9), we see that
A(F(k+ 1))+ h(01) + h(F(k)) + log(2) = A(G(k)).
Combining the previous two inequalities, we get that, for any k € K large

enough, one of the following holds:

. ce o
either A(F(k)) = mkﬁ or  A(F(k+1))= mk

Thus (12) holds for infinitely many k. This concludes the inductive step and
the proof of (a) in the case t = 1.

Let us now prove (a) for an arbitrary t > 2. Let © = {#14,...,05:}. Up
to renumbering, we can and will suppose that 6, ; is not a root of unity. Let

C > 0. Lemma 4.3 ensures that there exist kq, ..., k; € Z>c¢ such that
(13) Y Bilkr.. k)0 - 0F
1€{l,...,s}
s.t. Oiytzesyt

= DN S TC T A Bl A1)
i€{l,...,s}
s.t. 0;,1=0st
Fix such k1, ..., ki1 € Z>c and consider the recurrence sequence G : Z>g —
Q defined by
G(k) = F(ki,...,ki—1,k).

Gathering the terms of the sum (11) defining F' according to the value of
0;¢, we see that

G(k) = 3, Q(k)nf
j=1

for some pairwise distinct 71 = 0s4,72,...,1m, € © and some Q1,...,Qy €
Q[X]\{0}. The fact that we may take 1 = 05 with @ # 0 follows from (13).
Let A(G) and cg be defined as in the case t = 1 treated at the beginning
of the proof. One may find an integer A, not depending on k1,..., k1 nor
on C, such that A(G) < A. It follows from (12) that, for infinitely many
ke ch,

(14) A(F(ky, .. Ko, k) = R(G(R)) = g—ik
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Consider an integer k = k1 + ... + ki1 satisfying (14). Then, we have

o C
R(F(k1,. .. ke-1,k)) = ﬁ(kﬁl +- k1 + k).

This proves (a). O

4.2.2. Upper bounds.

Lemma 4.5. Let F' be a multi-recurrence sequence of the form (11) with
s = 1. The following properties hold:
(1) A(F(k1,... k) = O(k1 + - -+ + ki) in any case;
(ii) A(F(k1,..., k) = O(log(ky + -+ + k) if all 0; ; are roots of unity;
(ili) A(F(k1,...,k)) = O(1) if all 0; ; are roots of unity and all the poly-
nomials P; are constants.

Proof. Given a polynomial P € Q[X1, ..., X;], it follows from (9) that

(15) A(P(k1,...,k)) = O(log(max{ki,..., ki})).
Using (9) and (11), we also have
(16)
R(F(ky,... k) < (s — 1)log(2) + . A(Pi(ke,... k) + > > kjfi(6:).
i=1 i=1j=1

These two inequalities combined imply (i).
Now, suppose that all ; ; are roots of unity. Then /i(6; ;) = 0 for all 4, j
and it follows from (15) and (16) that

R(F(k1,...,k)) = O(log(max{ki,...,k})) = O(log(ky + - - + ki),

which implies (ii).

Last, suppose that all 6; ; are roots of unity and that the polynomials
Py, ..., Ps are constants. Then, F(ky,..., k) only takes a finite number of
distinct values. Thus (iii) holds. O

4.2.3. Proof of Theorem 4.1. Suppose that one of the 6;; is not a root
of unity. Then, from (a) of Lemma 4.4 and (i) of Lemma 4.5 we have
/i(F(k}l,,kt)) €O ﬁQ(kl + “'+k‘t).

Suppose that all ¢; ; are roots of unity but that one of the F; is non-
constant. Then, from (b) of Lemma 4.4 and (ii) of Lemma 4.5 we have
h(E(k1,...,k)) € O nQlog(k + -+ + k).

Finally, suppose that all 6; ; are roots of unity and that all P; are constant.
Then, from (iii) of Lemma 4.5 we have A(F(k1,...,k)) € O(1).

Since any multi-recurrence sequence falls into the scope of one of these
three mutually exclusive cases, Theorem 4.1 holds.

5. A REFINED VERSION OF THEOREM 1.4

Theorem 1.4 asserts that any p-Mahler Hahn series f(z) € . satisfies
one of the mutually exclusive conditions (©O€;)—(©O€5). This follows directly
from the following more precise result, whose proof is the main objective of
this section.
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Theorem 5.1. Consider a p-Mahler Hahn series f(z) € 7 and its standard
decomposition

(17) f= fubo
weAst
where (fw)A,, 5 family of p-Mahler Puiseux series with finite support (see
Section 2.3). Then, we have
(i) every fu satisfies one of the mutually exclusive conditions (OQ) to
(ONs);
(i) every &, satisfies one of the mutually exclusive conditions (OQ3) to
(ONs);
(iii) f satisfies (OQ.) with
fuw or & satisfies (O€) }

= mi 1,...
" mm{se{ TR for some w € Ag such that f, #0

Properties (i), (ii) and (iii) are respectively proved in Section 5.1, Sec-
tion 5.2 and Section 5.3.

5.1. Proof of Property (i) of Theorem 5.1. Property (i) of Theorem 5.1
is a direct consequence of the following result, which itself follows easily from
Theorem 1.1.

Proposition 5.2. Any p-Mahler Puiseux series f(z) € & satisfies one of
the mutually exclusive properties (O€) to (OQs).

Proof. Since f(z) is a p-Mahler Puiseux series, there exist v € Z and d € Z~
such that 2”f(2?) is a p-Mahler power series. Theorem 1.1 ensures that
2V f(2%) satisfies one of the mutually exclusive properties (©€;) to (OQs).
Lemma 3.2 guarantees that f(z) satisfies one of the mutually exclusive prop-
erties (OQ) to (ON5) as well. O

5.2. Proof of Property (ii) of Theorem 5.1. Recall that we let
Ag = | ZLo x (@) x N,
teZ=o0
where
Ny =1{a/b | a,be Z=o, pfa, ged(b,p) = 1},
and that for w € Ag, we write w = (a, A, @) with

o= (ala"'vat)EZtZO’ )‘:()\17"'7)\t)6(@><)t7 a = (alw"aa‘t)ENIEp)'

In this section, we prove the following result, which yields Property (ii) of
Theorem 5.1 when C' = 1. Allowing an arbitrary value of C' will be useful in
subsequent applications.

Proposition 5.3. Let w € Ay with w # ((),(),()) and let C € Z=1. The
Hahn series

S __ap
fw,c(z) = Z k‘f‘l .. ktatA]fl . )\f1+...+kt2 oF1 SFLT TR
k1,..ke=C
satisfies:

e (OQ3) if and only if one of the coordinates of X is not a root of unity;
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e (OQy) if and only if the coordinates of X are roots of unity and c is
not the zero vector;

o (OQ5) if and only if the coordinates of X are roots of unity and c is
the zero vector.

Proof. We may write

fw,C(Z) = Z F(kla 7kt)27k1 """ h
ki,....kt€Z=¢c
with
Fki,... k) = k&0 gk kit
and
al a9 a¢
(18) Veroke = "ok T gt T gt
Note that F' is a multi-recurrence sequence since
(19) F(ki,... k) = P(ky,... k)o% -..o0
where

Pk, ... k) =k -k
and, for each j € {1,...,t},

0; = Xj- M.
Lemma 5.4 below ensures that the rational numbers 7,  x, are pairwise
distinct when ki, ..., ks vary over Z=1. So, we have
boc(z) = Y 6,2
7€Q

where

F(ky, ..., k) ify =,k for some ky,... k€ Z=c;
20 Cy:{ 0( 1 ) elsz. ks ' tee

We split the rest of the proof into three cases.

Case 1: one of the \; is not a root of unity. Then, one of the 6; is not a
root of unity and it follows from case (Lin) of Theorem 4.1 that

ﬁ(F(k’l,,kt)) 2@(k1+...+kt)
and that there exists ¢ > 0 such that
FL(F(kl,,kt)) >C(k1+"'+kt)

for infinitely many (ki,...,kt) € (Z=¢)!. Combining this with (20) above
and (22) from Lemma 5.5 below, we obtain that &, ¢ satisfies (O3).

Case 2: all the \; are roots of unity and at least one of the «; is nonzero. In
this case, all the §; are roots of unity and the polynomial P is non-constant.
It follows from case (Log) of Theorem 4.1 that

A(F(ki,..., k) = O(log(ks + -+ + kt))
and that there exists ¢ > 0 such that
/i(F(kl, e kt)) = C(lOg(kl + -+ k’t))

for infinitely many (ki,...,kt) € (Z=¢)!. Combining this with (20) above
and (22) from Lemma 5.5 below, we obtain that &, ¢ satisfies (O€y).
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Case 3: all the \; are roots of unity and all the «; are equal to zero. In this
case, the coefficients ¢, take only a finite number of values and, hence, we
get that &, ¢ satisfies (OQs). O

It remains to prove the following two lemmas.

Lemma 5.4. For anyt € Z=1 and a € N’Ep), the rational numbers Yy, . k,
defined by (18) are pairwise distinct when ki, ..., ks vary over Zs1.

Proof. Assume to the contrary that

(21) Vir,oke = Vo1, b

for distinct t-uples (ki,..., k) € ZL, and (¢q,...,4) € ZL,. The t-uples
(ki,k1 + Koy .. k1 + -+ k) and (01,01 + loy ..., 01 + -+ + £;) are distinct.
Let i be the greatest element of {1, ...t} such that k1 +---+k; # 01+ -+4;.
We can assume that k1 + -+ k; < £ + -+ + ;. Then, (21) implies that

ay a2 a; ay a2 a;

pkl pkf1+k2 pk1+k2+"'+ki pgl pél+€2
Multiplying the latter equality by pft ¢+ 4 we obtain that the numerator
of a; is a multiple of p. This in contradiction with the fact that a; belongs
to N(p) U

Lemma 5.5. For anyte Z>, and a € N’Ep), there exist cg,c1 > 0 such that,

for all ky,... ks € Zx1, the height of the rational number i, . r, defined
by (18) satisfies

(22) cop TR < H gy ) < capft R

Proof. Using that as, ..., a; € N(,), it is easily seen that there exist uq, ..., us €
Z~g, not divisible by p, and v € Z~ coprime to p such that, for all ky, ...,k €
Z217

(23> __ulp2+3+ +t+’U,2p3+ +t+"'+ut
Vhr,ke = vpk1+k2+"'+k:t !

The upper bound for H (v, k) in (22) then follows by taking
c1 = max{v,u; + ug + -+ u}.

To prove the lower bound, it clearly suffices to show that the following
family of gcds is bounded:

k1+ko+-+ky
Cd(Oék ok ))
(g 2,5k P Ky g1

where

hy, .y = wp™ R platthe gy,
To this end, it is clearly enough to prove that, for every prime factor g of p,
the following family of g-adic valuations is bounded:

(24) (UQ(O‘kmm,kz))k%m,kt;l'

This is true when ¢ = 1 because oy, ., = us is a nonzero constant. Let us
now assume that ¢ > 2 and suppose, for contradiction, that the family (24)
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is unbounded. Then there exists a sequence (kp)n=0 = (kn2,...,knt) in
(Z=1)"1 such that

vg(a,) +00.

n—-+00
By passing to a subsequence, we may assume that, for each i € {2,... ¢},
the sequence (ky, i)n>0 is either constant or increasing. Let igp be the largest
index in {2, ...,t} for which (ky, i, )n>0 is increasing. Such an iy exists, since
otherwise the sequence (k;,)n>0 would be constant. Consider the equality

(25) g, — (ulpk‘n,2+~..+kn,t NS uio_lpk"‘i0+"'+knvt>
= Uiopkn’i0+l+m+kn’t + o 4 Uy

The g-adic valuation of the left-hand side of (25) tends to +00 as n — +0,
whereas the right-hand side is a nonzero constant, yielding a contradiction.

O

5.3. Proof of Property (iii) of Theorem 5.1. Property (iii) of Theo-
rem 5.1 will be proved at the end of this section, after establishing several
preliminary results.

We begin with the following observation: in general, the coefficient of
277" in the product of two Hahn series g and h is not equal to the product
of the coefficients of 27 in g by the coefficient of 27" in h. Nevertheless, in the
particular case where h = £, with w € Ag and w # ((),(),()), and g € 2,
we show in Lemma 5.7 below that a (weak) form of this property does hold.

Definition 5.6. We denote by < the partial order on ¢ defined, for any
f= Z’yé@ fy27 e A and g = Z’ye(@ g4z € I, by
g2 f < Vyesuppy, fy =g,

Lemma 5.7. Let w € Ay with w # ((),(), (). Set & =t X cq &2 For
any g € &, for infinitely many v € supp(&w), we have ¢27g < g&,,.

To prove this Lemma, we will use the following result.
Lemma 5.8 (|[FR25, Lemma 27|). For all s,t € Zxo such that s >t > 0,
foralla = (a,...,as) € N‘Ep), forallb = (by,...,b) € N’Ep), foralld e Zs,

there ewists Cqp.q > 0 such that, for all y € éZ, forallky,... ks, l1,... bt €
Zz1 such that kq,...,ks = Cqp.q, the following properties are equivalent:
(1) we have

ai a9 a b1 ba by

® .
ot ol VOt SRR = on T s Tt e

(2) we have v =0, s =t and, for allie€ {1,...,t}, a; = b; and k; = ¢;.

Remark 5.9. Lemma 5.4 can be seen as a refinement of Lemma 5.8 in the
special case a = b and v = 0.
Proof of Lemma 5.7. We set g = Zwng,y?ﬂ e X, and f = Zwe(@ [y =
g€w. Thus, for all v € Q, we have

fy = 2 91 Cya-

(71,72)€supp(g) xsupp(§w)
such that vy1+y2="~
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Let d be such that supp(g) < éZ. Let Cq,q,d4 > 0 be the constant given by

Lemma 5.8. We recall that supp(éw) = {7V, ..k | k1,--.,kt € Z=1} where

Ver,... ke 18 given by (18). Our choice of constant Cy q 4 ensures that, for all

y1 € supp(g) and all o = i, .k, € supp(&w) with ki,... &k = Cq a4, if
M+ =%+ %

for some (v],75) € supp(g) x supp(&w), then (v1,7%) = (71,72). Therefore,

for all such ~, € supp(&w), for all v € supp(g), we have fy, 1+, = g4,(y, and,

hence, (,,272g < f. Since there are infinitely many such 7, this proves the
lemma. (]

We continue with the following observation: two Hahn series g and h
being given, there is in general no interesting way to bound from above the
heights H(v1) and H(y2) in terms of H (v, + 72) for all 7, € supp(g) and
v2 € supp(h). The following Lemma shows that that such a bound can
nevertheless be obtained in the special case where h = &, with w € Ay and

w #(0),0,0), and g€ 2.

Lemma 5.10. Let g(z) € £2* and w € Ay, w # ((),(),()). There exists
c1 > 0 such that, for all but finitely many v € Q, for all v1 € supp(g) and
o € supp(&y) such that v, + v2 = 7, we have

(26) max{H (71), H(72)} < c1H (7).

Proof. Let N € Zx=1 be such that supp &, < [-N,0[ and let d € Z>; be such
that suppg < %Z. Then, for any v € Q, v1 € supp g and 7o € supp &, such
that v; + v2 = 7y, we have

M=7—"7€lv,7v+N]n %Z.
Using (8), this implies that
H(m) < d(jy[+ N).
Therefore, if H(y) > N, then
H(m) < d(ly| + N) < 2dH(y),

since we always have H(y) = |y|. Furthermore, as |y2] < N, we have
H(v2) < N den(72) where den(72) is the denominator of ;. But, as v € 17,
the denominator of y9 = v — ;1 is at most d times the denominator den(vy)
of v. Thus

H(v2) < Nden(y2) < Ndden(y) < NdH (7).
Thus, (26) holds with ¢; = max{2d, Nd} provided that H(y) > N. Since
the latter condition excludes finitely many -y, this proves the lemma. U

Last, we mention the following obvious reformulation of the growth prop-
erties (O,) for further reference.

Lemma 5.11. The following properties relative to f = Z’ye(@ fy27 € A and
re{l,...,5} are equivalent:
(1) f satisfies (O;);
2) i(fy) = O(h.(7y)) and there exists g = g~27 € € such that
Y veQ I
g < f and hi(gy) = QA (7)), where h, is defined as in Section 3.2.
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Proposition 5.12. Property (iii) of Theorem 5.1 holds when f = g&. for
some p-Mahler Puiseuz series g € &> and some w € Agt.

Proof. When w = ((),(),()), we have &, = 1 and the result follows from
Property (i) of Theorem 5.1.

We now suppose that w # ((), (), ()). Property (i) of Theorem 5.1 ensures
that g satisfies (O, ) for some ¢q; € {1,...,5} while Property (ii) of Theo-
rem 5.1 guarantees that &, satisfies (©O€,,) for some go € {3,4,5}. We must
prove that f satisfies (Of,) with » = min{qi, g2}.

Since the support of &, is bounded and since g is a Puiseux series, the
number of terms in the product g&,, which contribute to z7 for some v € Q is
bounded independently of 7y, say by co > 0. Write f = 27 12, 9= ZW g2
and &, = >, (427, From (9), we have

(27) (1) < c2log(2) + 22 max {A(g,), (G}

It follows that

) =0 (14 max {6(0,).6(6))

=Q© (1 + wr—ll-l%xzv{ﬁ(h (7)), fig, (72)}>

= O (max{fig, (7), fig,(7)})
= O(k, (7)),

where the maps fi; are defined as in Section 3.2. Indeed, the first equality
follows from (27), the second one follows from the fact that g and &, satisfy
(OQy,) and (Of),, ) respectively, the third one follows from Lemma 5.10 and
the last equality is obvious. In order to complete the proof, it remains to
prove that, if r < 5, then A(f,) = Q(A,(v)). In order to prove this, we
distinguish two cases.

Case r = q1. According to Lemma 5.7, there exist v € supp(&,,) and ¢ € @X
such that (z7¢g < f. Since g satisfies (O}, ), so does (27g by Lemma 3.2.
Lemma 5.11 guarantees that i(fy) = Q(hq (7))

Case r = qa. Since suppg C éZ, Lemma 5.8 implies that there exists C' > 0
such that, for any ki,...,k; € Z>c, for any ¢1,...,¢; € Z>p and for any

7, K € supp g,

=1 %
fw’c(z) = Z k?l ... k-?t)\lfl .. )\fl+"'+ktz pF1 pk1t+ Tk
ki,...,ke=C

already introduced in Proposition 5.3. Our choice of C' guarantees that,
for any v € supp g, we have g,27¢, c < f. But, since &, satisfies (OQy,),
Proposition 5.3 ensures that &, ¢ satisfies (O€)g,) as well (indeed, for any
s € {3,4,5}, it implies that &, = &, 1 satisfies (O€Q) if and only if &, ¢
satisfies (O€;) as these two properties correspond to the same conditions
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on the parameters o, A). Since g, # 0, Lemma 3.2 implies that g,27¢, ¢
satisfies (O€),) as well. Lemma 5.11 guarantees that A(f,) = Q(fig,(v)). O

We are now able to prove Property (iii) of Theorem 5.1 stating that,
given a p-Mahler Hahn series f(z) € ¢ and its standard decomposition
[ = 2wen,, fww, we have that f satisfies (O€2,.) where 7 is the least integer
such that some of the series f, or &, satisfy (O€,).

Proof of (iil) of Theorem 5.1. Suppose that f # 0, otherwise, there is noth-
ing to prove. Write

f = Z fwgw
wek
where I/ © Ag is a non-empty finite set and the f,, are non-zero p-Mahler
Puiseux series. Proposition 5.12 ensures that, for all w € F, the product
fwéw satisfies (O, ) where

re = min{s € {1,...,5}| fo or &, satisfies (O€)}.

To prove (iii) of Theorem 5.1, we have to prove that f(z) satisfies (O€,)
with

r=minrg.
wek

Let us first note that, for all w € E, the product f,,&,, satisfies (O€, ), so it
satisfies (O, ) and, hence, (O,). It follows that f(z) satisfies (©,) as well.
If r = 5, there is nothing more to prove. So, from now on, we assume that
r < 4 and it remains to prove that

(28) h(fy) = ke (7)),

where the maps fi; are defined as in Section 3.2. To prove this, consider
w' € E with r,» = r. Let ¢1 € {1,...,5} be such that f,, satisfies (OQ,)
and let g2 € {1,...,5} be such that &, satisfies (OQ,). As already noticed,
Proposition 5.12 ensures that

r =71 = min{q, ¢}.

The rest of the proof is divided according to the following two cases: we will
first consider the case r = ¢; and then the case r = ¢». We will use the
following notations. We write o’ = (o, X, a’) with o € ZL,, X € (Q")*

and a’ € N’Ep). We set @’ = (a},...,a;) and we consider the set

F ={w=(a,\,a)e Ela=d}cE,

We let d be such that, for all w € E, the Puiseux series f,, belongs to @((z%))
Let C := maxq C(a’, a,d) where C(a’,a,d) is given by Lemma 5.8 and the
maximum is taken over the (finite) set of a such that there exists a, A with
w= (o, a)eE.

Case r = q1. It follows from Lemma 5.8 that, for all ky,..., ks € Z>¢, for all
w = (a, A, a’) e E', we have

(ll /

o1 ot y\kzkitke oy Rrteetke TR mIEzTzo
Fo(2)hi™ - KA Ag At z » D fu(2)8w(2) -
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Thus, using Lemma 5.8 once again, for all kq,...,k € Z>¢c, the Puiseux
series
Kky,....k Z fw(z koq . ~kto‘t/\lf1)\’2“1+k2 o )\fl+"'+kt
weFE’
satisfies
a/1 I
TR T k+7k
()2 P TI G 1 () = Y fu(2)ulz
weklk

Using Lemma 3.2, we see that, in order to prove (28), it is sufficient to prove
that there exist k1,..., kt € Z>¢c such that

A((Rky ... ke )y) € Q(R(7))-

In order to prove this, let us first note that
(29) V= Spang iy, (2) | Fiveoo ki € Zac)
= Spang{fw(2) |we E'} =1 W,

Indeed, the inclusion V' < W is obvious. If the inclusion V' < W were
not an equality, then there would exist a non-zero element ¢ in the dual
W* of the finite dimensional Q-vector space W vanishing on V. Then,
(0(fw))wer would be a family of elements of @, not all zero, such that, for
all ky,...,k € Z=c,

S Gkt Nk ke
w=(a,\,a')eE’

Since the left-hand side of the latter equality is a multi-recurrence sequence,
this would contradict Lemma 4.3. This proves the equality (29).

As all kg, . 1, (2) with k1,. ..,k € Z>c are p-Mahler Puiseux series, prop-
erty (i) of Theorem 5.1 ensures that they satisfy one of the mutually exclusive
properties (O€) to (OQ5). We claim that there exist k1, ...,k € Z>¢ such
that kg, .k, (2) satisfies (O)) for some s € {1,...,r}. Otherwise, for all
ki,.... ki € Zzc, Kk, ..k (2) would satisfy (O,11) and, hence, all elements of
V would satisfy (O,41). This would contradict that f,, € W = V satisfies
(©9,). This proves our claim.

Now, any kp, ...k, as in our previous claim satisfies (K, ... &, )~v) € Q(fis(7))
for some s € {1,...,r} and, hence, A((Kg,,... k:)~) € Qfr(7)) and this justifies
(28).

Case r = go. Let v be an element of the support of f.,. Up to multiplying f
by a suitable power of z, we can and will suppose that v = 0. It follows from

Lemma 5.8 that for all kq, ..., k; € Z=c, the coefficient of z »*1 pht Rt
in f(z) is
Py, k) = ) (fu(2))ok§™ - B AP AR TRz o Nt the

weE’

so that we have
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Note that F' is a non-zero multi-recurrence sequence. Indeed, in order to
write it under the form (11), we consider a partition

E=E u---uE

of E' given by the equivalence classes Ey, ..., E, for the following equivalence
relation:

(QU,AO,G/) ~ (ahAlaa,) < AO = A1~

Then, for any ¢ € {1, ..., s}, we choose an arbitrary element w of E; and, for
any j € {1,...,t}, weset 0; j = A\;j--- \. We also set
(30) Pi(ky, ... k) = D (ful2))okft - kg

QJEE,L'

Then, we have
¢
Flky, ... k) = > Pilkr,... k)03 - 078
=8
Let ig be such that w’ € F;;. Then (f,)o # 0 by assumption and we deduce
that P;, is nonzero because the (aq,...,q;) involved in the right-hand side
of (30) are pairwise distinct. We now distinguish two subcases.

Subcase r = g2 = 3. Recall that ' = (/, X, a’). Since &, = &, satisfies
(OR3), Proposition 5.3 guarantees that A’ has a coordinate which is not a
root of unity. Then, there exists j € {1,...,t} such that 6;, ; is not a root
of unity as well and it follows from Lemma 4.4 that there exists ¢ > 0 such
that for infinitely many (k1,..., k) € (Z=¢)®,

A(F(k1,... k) =clkr+--+ k).

Thus, using Lemma 5.5, we get fi(gy) = Q(fiz(y)). Since g < f, it follows
from Lemma 5.11 that A(f,) = Q(A3(7)).

Subcase r = qo = 4. Since qu = 4, Proposition 5.3 guarantees that o’
is nonzero. Thus, the polynomial P;, is not constant and it follows from
Lemma 4.4 that there exists ¢ > 0 such that, for infinitely many ki,..., k €
ZZC;

A(F(k1y ... k) = clog(ky + -+ + k) .
Thus, using Lemma 5.5, we get fi(gy) = Q(fi4(7y)). Since g < f, it follows
from Lemma 5.11 that A(fy) = Q(h4(7)). O

6. PROOF OF THEOREM 1.9

The proof of Theorem 1.9 is given at the end of this section.

In Section 1.4, for each r € {1,...,5}, we introduced the growth condition
(A — ©,) for a generalized p-Mahler Hahn series, which depends on its de-
composition over the ring of p-Mahler Hahn series. In [FR25]|, we considered
another growth condition (£ — ©,) defined as follows. Combining (4) and
(7), we get that any generalized p-Mahler Hahn series y € R can be uniquely
written as a finite sum of the form

Yy = Z Z fc,j,wfwecgj

(C,j)eE weAgt

where the f. ;. € & are p-Mahler Puiseux series and ZE = @X X Z>0.
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Definition 6.1. We say that y satisfies (&2 —©y) if any fcjw satisfies (O,).

Proposition 6.2. For any generalized p-Mahler Hahn series y € R, for any
r € {1,2,3}, the following properties are equivalent:

e y satisfies (H — O,);

e y satisfies (22 — O,).

Proof. 1t is clearly sufficient to prove the result in the case when y = f is
a non-zero p-Mahler Hahn series. So, we consider a p-Mahler Hahn series
f € € and its standard decomposition

f= fubs
wek

with f,, some non-zero p-Mahler Puiseux series and £ — A4 a non-empty
finite set. Consider r € {1,2,3}. The result follows from the fact that the
following properties are equivalent:

(1) f satisfies (H — O);

(2) f satisfies (OQy) for some s € {r,...,5};

(3) for all w € E, f,, satisfies (O) for some s € {r,...,5};

(4) for all w € E, f,, satisfies (O,);

(5) f satisfies (£ — ©O).
The equivalence between (1) and (2) follows from Theorem 1.4. The equiv-
alence between (2) and (3) follows from the last assertion of Theorem 5.1
using that the &, satisfy (OQ3), (O€Qy) or (OQs5) by Property (ii) of Theo-
rem 5.1 and that » < 3. The equivalence between (3) and (4) follows from
Property (i) of Theorem 5.1. The equivalence between (4) and (5) follows
from the definitions. O

Proof of Theorem 1.9. Since y satisfies (¢ — O,) with r € {1, 2, 3}, Proposi-
tion 6.2 implies that y also satisfies (&2 — ©,.). Then, by [FR25, Theorem 9|

the minimal p-Mahler equation of y over Ko, = @(z%) has a basis of solutions
in R, satisfying (£ —©,.). Applying Proposition 6.2 again, we conclude that
these solutions all satisfy (## — O,), as wanted. O

7. p-REGULAR ELEMENTS OF K@

Let K be a field. In a landmark paper, Allouche and Shallit [AS92] in-
troduced the notion of p-regular sequences as a generalization of the notion
of p-automatic sequences. We recall that a sequence (an)nez., € KZ=0 is
p-regular if its p-kernel, given by

{(apin+j)n€Z>o ’ s ZZO? j € {O> s 7pi - 1}} - KZZO:
spans a finite dimensional K-vector space. These sequences admit many
other characterizations. For instance, they are:
e the sequences produced by linear representations, that is, the se-
quences (an)nez-, € KZ>0 with general term
ap = TA;; - Ajg A

where 7 € KIX™ A, ... JAp 1 e K™W™m X e K™ for some m > 0
and where i;...i9g = (n)p is the base-p expansion of the integer n
[AS92, Lemma 4.1];
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e the sequences (an)nez-, € KZ=0 guch that the series D ins0 an(n)p in
the non-commutative indeterminates over the alphabet {0,...,p—1}
is a rational series (see [AS92, Theorem 4.3] and Section 7.1);
e the sequences (an)nez., € KZ>0 produced by finite weighted au-
tomata [BR88, Chapter I, Proposition 6.1].
We say that a power series ), ~,an2" € K[[z]] is p-regular if the sequence
(@n)nezs, is p-regular.

The aim of the present section is to extend the notion of p-regular sequence
to the elements of KQ. This will be used in Section 8 to extend the notion of
p-regular power series to Hahn series. The notion of p-kernel does not extend
directly to elements of K?, so we instead resort to the characterization in
terms of rational series.

7.1. Rational series. Let ¥ be a finite alphabet, that is a finite set of
symbols. Let ¥* denote the set of finite words over X, that is, the free
monoid spanned by X. An element of ¥* is either the empty word € or an
expression of form s;---s; for some ¢t € Z>1 and some s1,...,5 € X. Let
K{(X)) denote the K-algebra of non-commutative formal series in the non-
commutative indeterminates s € ¥. We denote by K(X) the sub-K-algebra of
K{(¥)) made of the non-commutative polynomials in the non-commutative
indeterminates s € ¥.. An element of K{((3)) can be written as a formal sum

of the form
a= Z AW
wex*
with a,, € K. Such an element of K{((X)) belongs to K(¥) if and only if
ayp = 0 for all but finitely many w € ¥*. We denote by K{((X))q: the
set of rational series; this is by definition the smallest subset of K{((X)) that
contains K(X) and is closed under addition, multiplication and the operation

a—a*:=(1-a)t= Za"
n=0

whenever a has zero constant coefficient, i.e., a. = 0.

For the proof of the following result, we refer to [BR88|. Recall that the
Hadamard product a ® b € K{((X)) of two formal series a = ), AW €
K{E)) and b = Y, sv bypyw € K{((3)) is defined by

a®b= Z bW,
weX*

Proposition 7.1. The set K{X))rar of rational series is a sub-K-algebra of
K{X)) containing K(X) and closed under the Hadamard product.

wed*

The following result follows from Schiitzenberger Theorem; see for instance
[BR88, Chapter 1, Theorem 7.1].

Proposition 7.2. A formal series a = ), s« aww € K{X)) is rational if
and only if there exist m € Z=qy, a morphism of monoid p : ¥X* — K™*™
a row vector T € K™ and a column vector X € K™*! such that, for any
w e X,

Ay = T(W)N.
Such a triplet (p, T, ) is called a linear representation of rank m of a.



26 C. FAVERJON AND J. ROQUES

Definition 7.3. A language over ¥ is a subset L of ¥*. We say that a
language L over ¥ is reqular if its characteristic series Y, ., w is rational.

Regular languages over a finite alphabet are sometimes also called recog-
nizable languages or rational languages. The following lemmas will be used
later.

Lemma 7.4. Let a = ), v« apw € K{{E))rat be a rational series and let

L c ¥* be a regular language. Then, the formal series Y, ., aww is rational.

Proof. The characteristic series b = >, _; w of L is rational because L is a
regular language. Since a is a rational series, it follows from Proposition 7.1
that the series
a®b= Z QAW
wel

is rational. O

When taking a to be the characteristic series of a language in the previous
lemma, we immediately obtain the following result.

Corollary 7.5. The intersection of two regular languages over 3 is a reqular
language as well.

7.2. p-Regular elements of KZ. Let = be a symbol and consider the fol-
lowing alphabet:

Yup=10,...,p—1,u}.

We let L, denote the language over X. , composed of the words of the form

S1 St ®St+1 " St+u

with t,u € Z>o and s; € {0,...,p — 1}, with 57 # 0if ¢ > 1 and s;4, # 0
ifu>1. Fort =0 (resp. u=0), $1---8¢ (resp. Sg41---St4y) denotes the
empty word €. In particular, setting t = u = 0, we obtain that = belongs to
L.

Proposition 7.6. The language L, over Xa , is reqular.

Proof. The language L. made of all the words over X, , containing exactly
one symbol = is regular. Indeed, it is easily seen that a linear representation

for its characteristic series is given by the triplet (i, 7, X) where p : (Xa,)* —
Q?%*? is the unique morphism of monoid such that

M(-)Z(g (1)) and, for all s € {0,...,p—1}, M(S):(lo (1)>7

and where
T=(1,1), A= <_11> :

Similarly, it is easily seen that the language made of the words over ¥, , not
starting with a 0 and the language of words not ending with a 0 are regular.
The language L, being the intersection of these three regular languages, it
is regular as well thanks to Corollary 7.5. U
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The words of L, are in one-to-one correspondence with the elements
Z[p~']s0 via the bijection
1Ly — Zp~'1z0
81 St ®WSpp1cccStpu > ST Spm Sy Sl = Z sip' "+ Z St+iD -
i=1 i=1
We denote the reciprocal function by
[1p: Zp ™' ]z0 — Ly.
We view [v], as our preferred base-p representation of v € Z[p~!]=o.

Example 7.7. We have:

[0, = = =] =0
(1], = 1= [1e] =1
[1/pl, = =1 |=1] = 1/p
[pl, = 10= [10a] = p

Definition 7.8. We say that (ay)eq € KQ is p-reqular if its support is
included in Z[p~)=0 and if the formal series

Z ay[7]p € K{(Zup))

YEZ[p~]z0
s rational.

Here are several other characterizations of p-regular elements of K@.

Proposition 7.9. Let (a),eq € KQ with support in Z[p~s0. The following
are equivalent:

(a) (ay)yeq is p-regular;

(b) we have
Z ay[7]p € KLEup))rat;
VEZ[p~ >0
(c) there exists
D1 buw € K p)rat
we(Ta,p)*
such that, for all w e Ly, we have by, = aj|;
(d) there exists a linear representation (v : (Xap)* — K™ 1, X) such
that,
_ CL”w” ifw € Lp,
Tr(w) { 0 ifwe (Sup)\Ly:
(e) there exists a linear representation (p : (Xap)* — K™*™ 7, X) such
that, for all w e L,, we have

anH = Tu(w))\.

Proof. The equivalence between (a) and (b) is the definition of p-regularity.
The fact that (b) implies (c) and the fact that (d) implies (e) are obvious.
The equivalence between (b) and (d) and the equivalence between (c) and
(e) both follow from Proposition 7.2. That (c) implies (b) is a consequence
of Lemma 7.4 and of the fact, established in Proposition 7.6, that L, is a
regular language. U
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Definition 7.10. A linear representation (pn : (Xap,)* — K™ 7, X) as
in (d) of Proposition 7.9 will be called a linear representation (of rank m)
associated with (a)yeQ-

Proposition 7.11. The set of p-reqular elements of KQ is a sub-K-algebra
of K@, with respect to the termwise product.

Proof. This follows immediately from the following three assertions:

e the set of elements of K@ with support in Z[p~']>¢ is a K-algebra;
o K{(Xap))rat is a K-vector space;
o K{(Xup))rat is closed under the Hadamard product.
The first assertion is straightforward, while the last two are guaranteed by
Proposition 7.1. O

We now state two properties which will be of fundamental importance
when we will consider the generating series of p-regular elements of K2. The
first one will allow us to consider truncations while the second one will allow
one to perform some gauge change.

Let (a4)eq € K9 be p-regular and let § € Q. We set

0=t _ ay ify <o,
v 0 else.

We define (a7 %)e0s (a§5)VEQ and (af‘s)we@ similarly.

Lemma 7.12. Let (a,)yeq € K@ be p-reqular and let § € Q. Then, the
sequences (aj‘s)ve@, (aZ%)5eq; (a§5)76@ and (af‘s)%@ are p-reqular.
Proof. We prove the result for the sequence (aj‘s)ve@, the other cases being

similar. It follows from [Ked17, Example 4.2| that the language
L% = {[Ylp | ¥ < 6}

is regular. Since the characteristic series of (aj‘s),ye(@ is the restriction to L;‘S
of the characteristic series (a),eq and since the latter is rational, it follows
from Lemma 7.4 that the former is rational. Thus (aj‘s)ve(@ is p-regular. [

Lemma 7.13. Let v € Zxo, d € Z>1 and (a)yeq € K2, We consider
(by)~eq € KU defined by
' -1
_ A(y—v)/d if ve dZ[p ]20 + v,
(31) by { 0 else.
Then, the following properties are equivalent:
* (ay)yeq is p-reqular;
¢ (by)eq is p-regular.
The proof of Lemma 7.13, given at the end of the current subsection, relies
on the fact that the map
L, — L,
v, — ldv+vlp

can be performed by finite state transducers. This fact is classical when
v € Zso; see [AS03, p.142-143]. When v € Z[p~!]>o, it is stated in [Ked17,
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Example 4.3|. For the sake of completeness and clarity, we provide a full
proof here, after a brief discussion of transducers.
A finite-state transducer (FST) is a sextuple

™ = (Q7 27 57 q0, A? )\)
where

Q is a finite set whose elements are called states;

qo € Q is called the initial state;

Y is a finite alphabet, called the input alphabet;

d:Q x X — @ is a map called the transition function;
A is a finite alphabet called the output alphabet;

e \: (@ xX — A*is amap called the output function.

See [AS03, p.140] for further details. The transition function ¢ has two
extensions

O : @ x X > @Q and 5;ight:QxE*—>Q
which are recursively defined, for any g € @), a € 3 and w € ¥*, by
(32) Oleti(¢:€) = ¢ and  djeg(q, aw) = s (0(q, @), w)

and
Orignt(¢:€) =q and  &,(q, wa) = 0 (6(g; @), w).
The FST 7 induces two maps
Tt 1 27 — A" and  Mygpe 1 B — A”

which transform any element of ¥* into an element of A*, one when reading
from left to right, the other one when reading in the other direction. They
are defined, for any si,...,s: € X, by

et (51 -+ 8¢) = A(qo, 51) M (0o (q0, 51), 52) M(Ofeg (o, 5152), 83) - - -
- Mg (qo, 5182+ - 5¢-1), 5¢)

and

Tright (51 5¢) = A(q0, 5¢) M (0ignt (905 5t), 5t—1) A(yignt (90, St—15¢), S1—2) - -+
e A(é:ight(qov 827 St—lst)7 81)'
Since it reads the word s; - - - s¢ from left to right, by an abuse of notation,

we call mege a left FST. Similarly, we call mgne a right FST. We say that a
left or a right FST is faithful if the pre-image of any word in A* is finite.

Example 7.14. Let ¥ be a finite alphabet and a € ¥. We leave to the
reader to check that the map w — aw is a faithful left FST from X* to itself
and that the map w — wa is a faithful right FST from >* to itself.

Example 7.15. Consider a finite alphabet 3 and choose a € 3. Consider
the FST ({q0,q1},%, 9, qo, 2, A) with g9 # ¢1 where 0 sends any element of
@ x X to g1 and where:

Ago,a) = € and,V(q,s) € Q x \{(qo0,a)}, A(g,s) =s.

The induced left (resp. right) FST removes the first a on the left (resp. on
the right) of a word of ¥* if it begins with an a. It is faithful.
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Example 7.16 (Addition). We build a right FST which performs the addi-
tion by one on any 7 € Z[p~!]>0 when reading the word 0[v],. Let
e ) = {,0,1} (the symbol e will be used to signal that we haven’t
read the symbol = yet, while the numbers 0,1 will be the possible
carried numbers when computing the addition);
e gy = e be the initial state;
¢ 0:Q x Y., — @ be defined as follows:
— (e,s) =e, forall se{0,...,p—1};
— d(q,m) =1 for all ¢ € Q;
— for all g € {0,1} and all s € {0,...,p— 1},

§(q,s) = |(q + s)/pl;

e \:Q x Y., — (X.p)" be such that
— for all s € X, p, A(e,s) = s;
— for all g € {0,1} and all s€ {0,...,p — 1},

AMg,s) =q+s modpe{0,...,p—1}.

Set 1 = (Q,%Xap,9,¢0, Lap, A). We leave to the reader to check that the
associated right FST is faithful and that, for any v € Z[p~!]>0,

(33) Tright (0[7]p) = 0“[y + 1], for some u € {0, 1}.
Example 7.17 (Multiplication). We build a faithful right FST to perform
the multiplication by an integer d € Z>;. Let

e @ ={0,...,d— 1} (which we think of as the set of possible carried
numbers);

e g9 = 0 be the initial state;

® §:Q x Y., — @ be defined, for all g € @, by d(¢, =) = ¢ and

ds +q

o(as) - |

e \:Q x Y., — @ be defined, for all g € Q, by A(¢g,n) = = and
AMg,$) =ds+q modpe{0,...,p—1}, Vse{0,...,p—1}.

J, Vse{0,...,p—1};

Set m = (Q, X p, 6,40, Lup, A) and let £ be such that p! = d. One may check
that mgne is a faithful right FST and that, for any v € Z[p~Ys0,

(34) Toigns (0°[7]p) = 0°[dy],0%,  for some ¢, u with 0 < t,u < ¢.

Lemma 7.13 will follow from the fact that the map v — dvy + v can be
performed by a composition of some FST and from the following result.

Proposition 7.18. Let a = ), .5+ aww € K{X)) be a formal series and let
7w be a faithful left or right FST. Then, the formal series

m(a) = ), awn(w) e KKA))
wex*

is well-defined. Furthermore, m(a) is rational, if and only if the series a is
rational.
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Proof. The fact that the formal series 7(a) is a well-defined element of
K{(A)) follows directly from the fact that 7 is faithful. Faithful left or right
FST are particular cases of what is called regulated rational transductions in
[KS86, Chapter 9] and even polynomial transductions. The fact that 7(a) is
a rational series if a is a rational series follows from |[KS86, Theorem 9.6]|.
The converse statement follows from [KS86, Theorem 9.13|. O

We are now in a position to prove Lemma 7.13.

Proof of Lemma 7.13. For any v € Z~q and d € Zx1, we consider the map

Tay Ly — Ly
V], — ldv+vlp

Set a =3 cpp-1120 G [Vlp and b =23 71y by[v]p. We have

map(a) = Y. ayfdy+v], = > ay—wy/al Ip

YEZ[p~1]>0 y'€dZlp=t]s0+v

- Z by[]p = 0.
Y'€Z[p~]z0
So, in view of Proposition 7.18, in order to conclude the proof it is sufficient
to prove that 74, can be obtained as the composition of some faithful left
and right FSTs. Let us prove this is indeed the case. Since 74, = 71, 07y,
it is sufficient to prove that m, and 740 are compositions of some faithful
FSTs.
Let us first prove that m, is a composition of some faithful FST. Since

M,y =T1,10 0T,
|

v times

it is sufficient to prove that 71 is the composition of some faithful FST.
Consider the faithful left FST ¢ : (3. )" — (Xap)* which adds a 0 at
the beginning of a word (see Example 7.14) and o2 : (Xa,)* — (Zap)”
which removes the first 0 on the left of a word if it begins with a 0 (see
Example 7.15). Consider the faithful right FST 43 built in Example 7.16.
Then, it follows from (33) that 71 = 12 0 ¥3 0 ¢;. In particular, 1 is a
composition of some faithful FST.

Let us now prove that mq ¢ is a composition of some faithful FST. Let 14
be the faithful right FST built in Example 7.17 and let £ be the least integer
such that p® > d. Let 15 denote the faithful right FST which removes the
first 0 on the right of an element of X, ,, if it starts with a 0 (see Example
7.15). Then, it follows from (34) that mgo = 9§ o 15 0 1y 0 ¥{ and, hence,
Ta,0 is the composition of some faithful FST. O

7.3. Regular sequences in the classical sense. As mentioned at the very
beginning of Section 7, Allouche and Shallit [AS92] defined a notion of p-
regularity for the elements of KZ>0. In this section, we prove that an element
(ay)yeq of KQ with support in Zsq is p-regular in our sense if and only the
sequence (ap)n=0 € KZ>0 is p-regular in the sense of [AS92].

Let ¥, = {0,...,p —1}. Set (0), = € and, for n € Z>1,

(n)p:st'--ser;withst#Oandnzso—l—slp—i----—l—stpt.
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A sequence (an)nez-, € K220 is p-regular in the sense of [AS92] if and only
if

(35) D, an(n)p € KLEup))

TZEZ;O

is rational [AS92, Theorem 4.3|. But, for any n € Zxq, [n], = (n)p» and,
according to Example 7.14, the map w — ww from ¥, to itself can be
performed by a faithful right FST. So, it follows from Proposition 7.18 that
the series (35) is rational if and only if the series >} .o a,[7]p is. Thus, the
sequence (an)n>0 is p-regular in the sense of [AS92| if and only if its unique
extension (a,)yeq € KQ with support in Zsq is p-regular in the sense of
Definition 7.8.

7.4. Deterministic finite automata. A deterministic finite automaton
with output (DFAO) is a sextuple M = (Q, X, d, qo, A, 7), where

Q is a finite set called the set of states;

3. is a finite alphabet called the input alphabet;

0:Q x X — ( is a map called the transition function;
qo € @ is called the initial state;

A is a set, called the output set;

7:@Q — A is a map called the output function.

We extend 6 to a function dj : Q@ x ¥* — Q as in (32). Any DFAO M gives
rise to a function

gy X — A
w = 7(0ef (g0, w))-

Remark 7.19. Note that we could define another function by reading the
words from right to left. However, it is a classical result [AS03, Theo-
rem 5.2.3| that this does not extend the class of functions we obtain.

Remark 7.20. It follows from Kleene’s theorem [AS03, Theorem 4.1.5| that
the reqular languages are the languages L for which there exists a DFAO M,
with output set A = {0,1} such that L = g3, (1).

The following result states that the series produced by a DFAO are the
rational series whose coeflicients belong to a finite set.

Proposition 7.21. Leta = Y s aww € K{X)). The following statements
are equivalent:

(1) the series a is rational and {a,, | w € X*} is a finite set;
(2) there exists a DFAO M such that, for all w e ¥*, gap(w) = ay.

Proof. Suppose that a is rational and that the set & = {a,, | w € X*} is finite.
It follows from [BR&8, Chapter III, Theorem 2.8| that, for any e € &, the
language L. = {w € ¥* | a, = e} is regular. Since (L¢)ecg 18 a partition of
¥*, it follows from [AS03, Th. 4.3.2] that there exists a DFAO M such that,
for all w e *, gar(w) = ay.

Reciprocally, suppose that there exists a DFAO M such that, for all w €
Y%, gum(w) = ay. Then, the set & = {gap(w) | w € ¥*} is finite. For all
e€ &, L. = {we X | gu(w) = e} is a regular language by Remark 7.20
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and, hence, the series ) _ . W is rational. Since the set of rational series is
a K-algebra by Proposition 7.1, we have

IR IWHEVED D IR o K

weX* wey* ee8 weL, eeé WELe

O

7.5. Other characterizations of p-regularity. There are several other
possible characterizations of p-regular elements of K@.

Kedlaya considered in [Ked17] the elements (a,) g € K@ with support
in Z[p~']s0 for which there exists an integer m, a row vector T € K™, two
morphisms of monoids p, v : {0,...,p — 1}* — K"™*™ and a column vector
X € K™ such that, for all v € Z[p~!]>o,

(36) ay = Tp(se- - s1)V(Stg1 - Stru) A

where [y]p, = 1+ stmSp41 - - - Sp4q. Although this is not trivial, one can show
that these sequences coincide with the p-regular sequences introduced in
Definition 7.8. However, the rank m of a minimal representation in Kedlaya’s
model may differ from the one of a minimal linear representation in the sense
of Definition 7.10. Theorem 8.24, stated at the end of this paper, highlights
that Conditions (OQ3), (O€Qy) and (O€5) have characterizations in terms
of minimal linear representation. Such a result would be more intricate for
representations of the form (36).

Another characterization of rational series a = a,w € K{((3)) is that
the K-vector space

Kiett (a) = spang {Z Agpw | T € E*} )

is finite dimensional, or, equivalently, that the K-vector space

Kright (@) = spany {2 AyzW | T € Z*}
w

is finite dimensional (see [BR88, Chapter I, Proposition 5.1]). When consid-
ering regularity in the sense introduced by Allouche and Shallit, the space
Kiright (@) corresponds to the p-kernel as defined at the beginning of this sec-
tion. Indeed, when dealing with integers, each map w — wx corresponds
to some map of the form n + ¢'n + j. However, in the present setting —
unlike in [AS92| — neither the maps w — wz nor the maps w — zw can be
translated into an arithmetic operation on Z[p~!]>¢.

Eventually, using the language of automata, one could have defined p-
regular elements of K? as those produced by some finite weighted automaton
over the alphabet ., [BR88, Chapter I, Proposition 6.1].

8. p-REGULAR AND QUASI-p-REGULAR HAHN SERIES. PROOF OF
THEOREM 1.6.

In this section, we introduce the notions of p-regular and quasi-p-regular
Hahn series and we prove Theorem 1.6. Specifically, the proof of case (Reg)
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of Theorem 1.6 is given in Section 8.5, while the proof of case (Aut) of
Theorem 1.6 is provided in Section 8.6.

8.1. p-Regular and quasi-p-regular Hahn series. In [Ked17], Kedlaya
introduced the notion of p-biautomatic Hahn series and (p-quasi-biautomatic
Hahn series, following the approach sketched in Section 7.5. This work has
served as a source of inspiration for us, and many of the results we present
in this section have counterparts in Kedlaya’s paper.

Definition 8.1. We say that a Hahn series f(z) = 3, cq [127 € H is p-

reqular if (fy)yeq € @Q 1s p-regular in the sense of Definition 7.8. In this
case, a linear representation associated with f(z) is a linear representation
associated with (fy)veq in the sense of Definition 7.10.

Remark 8.2. If f(z) = Zve@ fy27 € 0 is p-regular, then (fy)yeq s p-
reqular, but not every p-reqular sequence arises in this way because the sup-
port of a p-reqular sequence is not necessarily well-ordered.

By definition, the support of a p-regular Hahn series is a subset of Z[p~!]0.
This is too restrictive for our purpose as the support of a p-Mahler Hahn
series may not be a subset of Z[p~!]so. However, it turns out that, up
to a change of gauge, we can always reduce to this situation. Precisely, it
follows immediately from the standard decomposition (7) recalled in Sec-
tion 2.3 that, for any p-Mahler Hahn series f(z) € J#, there exist v € Zxg
and d € Z= such that the support of z¥ f(2%) is included in Z[p~']so. This
motivates the following definition.

Definition 8.3. We say that a Hahn series f(z) € A is quasi-p-reqular if
there exist v € Z=q and d € Z=1 such that 2 f(2%) is p-reqular.?

As shown by the following result, an important feature in this definition is
that the p-regularity does not depend on the choice of a pair (v, d) for which

supp 2 f (2%) < Z[p~]z0.

Proposition 8.4. Let f(z) € . The following properties are equivalent:
(1) f(z) is quasi-p-regular;
(2) there exist v € Zxq and d € Z=y such that 2V f(2%) is p-regular;
(3) there exist v € Z=q and d € Zy such that the support of z¥ f(2%) is

included in Z[p~]=0 and, for all such v,d, the Hahn series 2" f(z%)
s p-reqular.

The proof appears below, after the following lemma, which is analogous
to [Ked17, Lemma 6.4].

Lemma 8.5. Let f(z) € s with support in Z[p~']so. Then f(2) is p-
reqular if and only if there exist v € Z=o and d € Z=1 such that the Hahn
series 2V f(2%) is p-reqular.

2In [AS03], Allouche and Shallit introduce quasi-p-automatic sequences as those that
coincide, up to many terms, with an automatic sequence. We draw the reader’s attention
to the fact that this notion bears no relation to our definition of quasi-p-regular series.
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Proof. Consider f(z) € 2 with support in Z[p~!]s0, v € Zso and d € Z>.
Setting f(z) = >} g @427, we have 2V f(2%) = 2veq by?? where (by)qeq € @@
is defined by (31). It follows from Lemma 7.13 that f(z) is p-regular if and
only if 2V f(2%) is p-regular. O

Proof of Proposition 8.4. The equivalence between (1) and (2) is the defini-
tion of quasi-p-regularity. The fact that (3) implies (2) is obvious. Let us
prove that (2) implies (3).
Assume that there exist p € Z=o and ¢ € Z> such that
g(z) := zF f(29)
is p-regular. In particular, the support of z¢f(z¢) is included in Z[p~']s¢
and, hence, it only remains to prove that, for all v € Z>¢ and d € Z>; such

that the support of z¥ f(2¢) is included in Z[p~']>0, the Hahn series 2” f(2%)
is p-regular. Consider such v, d and set

h(z) = 2" f(29).
Let e € Z>1 be a common multiple of ¢ and d and set ¢ = e/c € Z>1,
d =e/d € Z>1 and w = max{uc,vd'} € Z=g. As g(z) is p-regular, it follows
from Lemma 8.5 that

/

k(z) = 2971 g(2%)
is p-regular as well. Therefore, the equality
Zw—yd’h(zd/) _ Zw—yd’zud’f(zdd’) — () = Zw—,uclz,uc/f(zcc') = k()
and Lemma 8.5 imply that h(z) is p-regular. O
Let us note the following immediate consequence of Proposition 8.4.

Corollary 8.6. Let f(z),9(z) € S be quasi-p-reqular Hahn series. There
exist v € Zxq and d € Z=y such that 2V f(2%) and 2" g(2?) are both p-regular.

The following result corresponds to [Ked17, Remark 6.6, (a), (b)].
Proposition 8.7. We have:

(1) the set of p-regular Hahn series is a Q-vector space, invariant by
Hadamard product and containing Q[z];
(2) the set of quasi-p-reqular Hahn series is a Q-vector space, invariant

by Hadamard product and containing Ky, = @(z%)

Proof. The first statement (1) follows immediately from the definitions and
from Proposition 7.1.

Let us prove (2). Let f,g € € be quasi-p-regular Hahn series. Corol-
lary 8.6 ensures that there exist v € Zsg and d € Z=; such that both
2Y f(2%) and 2”g(z?) are p-regular. Therefore, for any A € Q, we have that
2(f +Ag)(2%) = 2V f(2%) + A\2¥g(2?) is p-regular by (1), so f + \g is quasi-p-
regular. This implies that the set of quasi-p-regular Hahn series is a Q-vector
space. Moreover, by (1), the Hadamard product of 2 f(z%) and z¥g(z%) is
p-regular, but the latter Hadamard product is equal to z h(zd) where h is
the Hadamard product of f and g, thus h is quasi-p-regular. This justifies
the stability of the set of quasi-p-regular Hahn series by Hadamard product.
The fact that any element of K, is quasi-p-regular follows immediately from
the fact that any element of Q[2] is p-regular. O
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Actually, the set of p-regular Hahn series is a Q[z]-algebra and the set of
quasi-p-regular Hahn series is a Ky-algebras but this is much more difficult
to prove. This will follow from Theorem 1.6 (see Corollary 8.20).

The following two lemmas will be used later. They are to compare with
[Ked17, Remark 6.6, (¢)] and [Ked17, Corollary 5.7] respectively.

Lemma 8.8. For any 6 € Q and any quasi-p-reqular f(z) = ZWEQ ayz" e A,
the truncations f<s(2) = 2eqo, @27, f<s(2) = Dieq_, av27, [f28(2) =
Dinesy @27 and fx5(2) = Yeq_, ay2" of f(z) are quasi-p-regular.

Proof. We prove that f_s(z) is quasi-p-regular, the proofs in the other cases
being similar. Let v € Zso and d € Zx; such that g(z) = 2"f(z%) has
support in Z[p~!]so. Proposition 8.4 ensures that g(z) is p-regular. Since
gesi(2) = 2V fo5(2%) where &' = v + dd, Proposition 8.4 again shows that,

in order to prove that f_s(z) is quasi-p-regular, it is sufficient to prove that
g<s(2) is p-regular. This is an immediate consequence of Lemma 7.12. O

Consider the bijective map
rev: (Bap)* — (Zap)”
S1-++8 > Sp-+-81.
It induces bijections L, — Ly, Z[p~']s0 — Z[p~]z0 and [0, 1[~Z[p~'] —

Z>o, still denoted by rev, making the following diagram commutative:

[0,1[AZ[p] — Z[p~]s0 2 Ly —— (Suy)”

lrev lrev lrev lrev

_ [] *
Ly — ZlpHz0 —— Ly (Zap)

For any f(z) = >} cqay2"7 € # with support in Z[p~Ys0, we set
fI‘eV(Z) _ Z a’yzrev('\/) )

Y€Z[p~t]z0

Note that it might not be a Hahn series, for its support is not necessarily
well-ordered.

Lemma 8.9. The following properties relative to a given f(z) € H are
equivalent:

(1) f(z) is p-regular with support in [0, 1[;
(2) frV(2) belongs to Q[[z]] and is p-regular.

Proof. Let us prove (1)=>(2). Since f(z) is p-regular, its support is included
in Z[p~']s0. Since it is also included in [0, 1[, the support of f(z) is actually
included in [0, 1[nZ[p~!]=0 and, hence, the support of f*¥(z) is included in
Z=o, i.e., f*(z) belongs to Q[[2]].

Moreover, let (i, 7,A) be a linear representation associated with f(z) in
the sense of Definition 8.1. Consider the morphism of monoids " : (X.,)* —

Q"™ defined by

BT (1w se) = ps1) o plse) T
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Then, (u', AT, 71) is a linear representation associated with the power series
f™¥(2) in the sense of Definition 8.1. Thus, f™V(z) is p-regular.

Let us prove (2)=>(1). Since the support of f™V(z) is included in Zxo,
the support of f(2) is included in [0, 1[nZ[p~!]s0. Let (i, 7, ) be a linear
representation associated with f"V(z) in the sense of Definition 8.1. Then,
(", AT, 77) defined as above is a linear representation associated with f(z)
in the sense of Definition 8.1. Thus, f(z) is p-regular. O

8.2. p-Regular power and Puiseux series. In what follows, we will use
results about p-regular power series from [ABS23|. It follows from the dis-
cussion in Section 7.3 that the p-regular power series under consideration in
[ABS23| are p-regular in the sense of Definition 8.1.

Any p-regular power series is p-Mahler, but the converse implication is
false. Theorem 1.2 gives a characterization of the p-regular power series
among p-Mahler power series in terms of the arithmetic growth of their
coefficients. This can be easily extended to Puiseux series.

Corollary 8.10. For any p-Mahler Puiseux series f(z) € &, the following
statements are equivalent:
(a) f(z) is quasi-p-regular;
(b) f(z) satisfies (O3) or, equivalently, it satisfies (O3), (OQy) or
(O05).

Proof. The fact that (O3) is equivalent to (©O€3), (OQ4) or (OQ5) for a p-
Mabhler Puiseux series follows from Proposition 5.2 and from the definitions
of (©;) and (OF;) given in Section 1.

Let v € Z>o and d € Z=; be such that g(z) = 2 f(2%) belongs to Q[[2]].
From Proposition 8.4, f(z) is quasi-p-regular if and only if g(z) is p-regular.
Moreover, according to Lemma 3.2, f(z) satisfies (O3) if and only if g(z)
satisfies (O3) if and only if g(z) satisfies (OQ3), (O€Qy) or (O5). Now, the
result follows from Theorem 1.2. U

8.3. Quasi-p-regularity of the Hahn series £,. A first step toward the
proof of Theorem 1.6 is the following result.

Proposition 8.11. For all w € A, the Hahn series &, are quasi-p-reqular.

The proof of Proposition 8.11, given at the end of this section, proceeds
by well-founded induction. To this end, we introduce the partial well-order

< on JysoZL, defined as follows. For o = (a1,...,0¢) € ZLj and o' =
(af,...,a}) € Z’;O, we write @’ < a if one of the following holds:
o t' < t,

et/ =t>1and o <.
The key ingredient in setting up the well-founded induction is the following
result.

Lemma 8.12. For every w = (a, A, a) € A, there exists A € @X and a finite
set Ec {w' = (a/,N,d') e Al < a} such that
— _1
(37) bul(2”) = Mw(2) € Y, Qlz 16w (2).
w'eE

Proof. This is a straightforward consequence of [FR25, Lemma 12]. O



38 C. FAVERJON AND J. ROQUES

We will also use the following result, which is to compare with [Ked17,
Lemma 9.1].

Lemma 8.13. Consider f(z),g(z) € # and X € Q such that

)+ Af(2) = g(2).
If the support of f(z) is bounded and if g(z) is quasi-p-regular, then f(z) is
quasi-p-reqular as well.

Proof. By quasi-p-regularity of g(z), there exists d € Z=; such that the
support of g(z¢9) is included in Z[p~!]. Since

FIEDP) +Af(27) = g(=7)

and since f(2%) (resp. g(z%)) is quasi-p-regular if and only if f(z) (resp. g(2))
is quasi-p-regular by Proposition 8.4, we see that it is sufficient to prove the
result in the case when the support of g(z) is included in Z[p~!].

We assume from now on that the support of g(z) is included in Z[p~].
We consider the decompositions

f(z) = f<o(z) + fo + f>o(z) and g(z) = g<0(2) + go + g>0(2)
with the notations of Lemma 8.8 for the truncations (i.e., the supports of
f<o(2) and g<o(z) are included in Z[p‘1]<07, the supports of f-o(z) and
g=0(2) are included in Z[p~']=o and fo, go € Q). We have

f>0(2P) + Afso(2) = gs0(2),
fo+Afo = go,

f<0(z) + Af<0(2) = g<o0(2).
Note that the support of f(z) is bounded if and only if the support of f~¢(2)
is bounded. Note also that, by Proposition 8.7 and Lemma 8.8, f(z) (resp.
g(z)) is quasi-p-regular if and only if both f.o(z) and f-o(z) (resp. g<o(2)
and g-(z)) are quasi-p-regular. So, it is sufficient to prove the result in the
case when the supports of f(z) and g(z) are included in either Z[p~!]=¢ or

Z[pil]<0-
Let us first assume that the supports of f(z) and g(z) are included in
Z[p~1]>0 and let us prove that f(z) is p-regular. We deduce from (8.13) that

i

0
Z )\H—l g

The sum is well-defined because supp g = Z[p~']=¢. Let N > 0 be an integer
such that supp f < ]0, N] and let r be such that supp g(2P") <]N, +ol.

Then, setting ¢;(z) = g(2P"), we have

r—1 (_1)1
f(Z) = Z )\i+1 (gl)gN(Z)
i=0
Proposition 8.5 ensures that g(z) is p-regular. Then it follows from Propo-
sition 8.4 and Lemma 8.8 that the series (g;)<n(z) are p-regular. Then, it
follows from Proposition 8.7 that f(z) is p-regular.
Let us now assume that the supports of f(z) and g(z) are included in
Z[p~]<0. As above, up to replacing f(z) and g(z) by f(z'/?") and g(z'/?")
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respectively for some t € Zx( large enough, one can assume that the supports
of f(z) and of g(z) are included in ] — 1/p,0[nZ[p~']<o. Consider h(z) =
2VPf(2) and 0(z) = zg(z). Note that the support of 6(z) is included in
10,1[nZ[p~!]=0 and that §(z) is p-regular thanks to Proposition 8.5. Note
also that the support of h(z) is included in ]0,1/p[nZ[p~1]=0. Therefore,

h*V(z) and 6*°V(z) belong to Q[[z]] and Lemma 8.9 ensures that "V(z) is
p-regular. The equation (8.13) satisfied by f(z) ensures that

h(zP) + AzP~D/PR(2) = 0(z).
It follows that, for all v € Q,
(38) hy + )\hmipp%l = Opy.
This implies that, for all v € Q,

rev rev __ porev
ha ™ A= p1) = Op1y

Indeed, this follows from immediately from (38) using the following proper-
ties :
e supp(h(2)) <0, 1/p[nZ[p~"]>0 ;
o supp(h**V(2)) < rev(]0, 1/p[nZ[p~"]50) = pZz1 ;
e ply = (p—1) € pZz1 = prev(y) — B2 €]0,1/p[Z[p™']=0 ; more-
over, in this case, prev(y) — 1%1 =rev(ply—(p—1));
o rev(p~y) = prev(y).

Thus, we obtain
RV (z) + )\zp(pfl)hrev(zp) = 0"V (zP).

It follows from Lemma 8.14 below that h™V(z) is p-regular. Lemma 8.9
guarantees that h(z) is p-regular. So, f(z) is quasi-p-regular. O

In the proof of the previous lemma, we have used the following result.

Lemma 8.14 ([Dum93, Theorem 24]). Consider f(z),g(z) € Q[[z]] and
a(z) € Q[z] such that

f(z) +a(2)f(Z") = g(2).
If g(2) is p-regular, then f(z) is p-reqular as well.

Proof of Proposition 8.11. We proceed by well-founded induction : consider
an arbitrary w = (a, A, a) € A and suppose that, for any w’ = (a/, X, a’) €
A such that @’ < a, the Hahn series £, is quasi-p-regular. If w = ((), (), ()),
then &, = 1is quasi-p-regular. Assume w # ((), (), ()). Then, by Lemma 8.12
and by induction hypothesis, there exists A € Q" such that &, (27) — Aw(2)
is a linear combination of some quasi-p-regular Hahn series. Since the sup-
port of &, is bounded, it follows from Lemma 8.13 that &, is quasi-p-regular.
This concludes the induction. U
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8.4. Quasi-p-regular series are Mahler. In this subsection, we prove the
following result.

Proposition 8.15. Any quasi-p-reqular Hahn series is p-Mahler.

Proposition 8.15 is proved after two lemmas. In what follows, we let %
be the set of formal series

ORI~
~v€Q

with coefficients f, € Q and with support in Z[p~']>_y for some N € Zx,.
We let %= be the set of f € .# with support in Z[p~!]so. The set .#
contains the set of Hahn series with support in Z[p~!]. Moreover, it has
a natural structure of #-module (and, hence, of Ky-module, where Ko, =
@(z%)) because the usual Cauchy product fg is well-defined for f € & and
g € Z (be careful, this Cauchy product is not well-defined for any pair
of elements of .%). Furthermore, the map ¢, : & — 5, which sends any
f e A to f(zP), has an obvious extension ¢, : .# — Z. It is thus meaningful
to consider the p-Mahler elements of .% i.e., the solutions in .% of p-Mahler
equations.

Welet Ly < {0, ..., p—1}* be the set consisting of the empty word together
with all finite words s; - - - s; over the alphabet {0,...,p— 1} such that ¢t > 1
and s; # 0. Note that we have L, = Lourev(Lg). For any w = s1---s; € Lo,
we let

t—2

w| = s1p"™" + s2p" 4+ sy,

so that, for any w; m wy € Ly, |wy m wa| = |wi| + || m wy.

Lemma 8.16. Let f(z) be a p-reqular Hahn series and let (u,T,X) be an
associated linear representation. We have

f(z) = TF1(2) (=) F2(2)A
with -
Fi(z) = ), pw)"l e M, (@Q[[2]])

welLg
and

Fy(z) = Z p(w) 21"l e My, (F=o).

werev(Lo)
Proof. Write f(2) = X cp[p-1]., [+#7- We have
TRuFR =T 3 plw) a3 pwa)z "2
wi€lo waerev(Lo)
= Z Tu(wy = wz)}\z|w1\+H-w2H

w1 ELO ,ngrev(Lo)

_ w1 mw2
- Z Fworwws ”z” H

wi€Lg,waerev(Lo)

= Z f227 = f(2).

YeZlp~tlz0
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Lemma 8.17. Let f(z) € F13™, B(z) € Q[]™™ and r(z) € Q[]"*™
such that either

f(z) = F(Z")B(2) + 7(2) or f(") = f(2)B(2) + 7(2).
Then, the entries of f(z) are p-Mahler.

Proof. Let us first assume that f(2?) = f(2)B(z) + r(z). Then, the finite
dimensional Q(z)-vector space V generated by the entries of f(z) and by 1
is invariant under ¢,. Therefore, for any g € V, the family (d)l;(g))keZ;o is
Q(z)-linearly dependent and, hence, g is p-Mahler. Since the entries of f
belongs to V', this concludes the proof.

Let us now assume that f(z) = B(z)f(zP) + r(z). We have f(z%) =
B (z%) f(z)+ r(z%) Then, the finite dimensional Ky-vector space W gener-
ated by the entries of f(z) and by 1 is invariant under ¢,, L Therefore, for any
g € W, the family (¢, k (9))kezso is Keo-linearly dependent and, hence, g is
p-Mahler. Since the entries of f belongs to W, this concludes the proof. [

Proof of Proposition 8.15. Consider v € Z=q and d € Z=; such that z¥ f(z%)
is p-regular. Since f(z) is p-Mahler if and only if 2 f(2¢) is p-Mahler, we
can assume that f(z) is p-regular. Since “being p-Mahler” is a property
closed under sums and products, in order to prove that f is p-Mahler, it is
sufficient to prove that the entries of the matrices Fj(z) and F»(z) given by
Lemma 8.16 are p-Mahler. Let ¢ denote the empty word in Lg. The map
(w, s) — ws induces a bijection between Lg x {0,...,p—1} and {0} U Lo\{e}.
Thus, we have

Fi(z) = p(e) + Z u(w)z‘w‘ = )+ Z 2 Zp|w|+s

weLo\{e} s=0weLg
= F1(2")B(2) + p(e) — u(0)

where B(z) = Y*_, L ju(s)z*. Tt follows from Lemma 8.17 applied to each row
of F1(z) that the entries of F}(z) are p-Mahler series.
Similarly, we have

BE)=p+ Y )
werev(Lo)\{e}

0+F Y o

=0 werev(Lo)

= C(2)Fa(2) + p(e) — p(0)
where C(z) = SP_; u(s)z*. Thus,

By(2")T = Ra(2)'C(2) " + p(e)T = u(0)"

and it follows from Lemma 8.17 applied to each row of F»(z)T that the entries
of F5(z) are p-Mahler. O
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8.5. Proof of Case (Reg) of Theorem 1.6. We are almost ready to prove
the first case in Theorem 1.6. We just need two more lemmas.

Lemma 8.18. Fiz N € Z=q. Consider the maps an : Z[p~]s0 — pNZ=o
and By : Z[p~V]s0 — Z[p~'] n [0, p™ [ uniquely defined by the equality

v =an() +Bn()-
We extend these maps to Q, setting an(v) = By () = v wheny € Q\Z[p~!]s0.

If (ay)yeq € @Q is p-regular, then both (aqy(y))yeq and (agy(y))yveq are p-
reqular.

Proof. We only prove the assertion concerning (aaN('Y))'YeQ’ the proof for
(agy(y))req being similar. Using the equality an(y) = pNao(v/pY) and
Lemma 7.13, we see that it is sufficient to prove the result for N = 0.
From now on, we assume that N = 0. Recall that Ly denotes the regular
language consisting of the empty word together with all finite words s; - - - s¢
over the alphabet {0,...,p — 1} such that ¢ > 1 and s; # 0. Then, the
language L = Lg= on the alphabet {0,...,p — 1, s} is regular and it follows
from Lemma 7.4 that the series a; = Zwe Lo Ywe|W™ is rational. Moreover,
the language rev(Lg) is regular (see [AS03, Corollary 4.3.5]) and, hence, its
characteristic series, say b, is rational. Thus, the series ayb is rational. But,
we have
arb = Z A jya| (v = TEV(W))
v,wE Lg

and, since L, = Lrev(Ly),

arb= Y\ daye[Vlp-
YeZlp~]z0

Thus, (@ay(y))yeq is p-regular. O
Lemma 8.19. Let f € & be a quasi-p-regular Puiseuz series and g €

be a quasi-p-regular Hahn series with bounded support. Then fg is quasi-p-
reqular.

Proof. Let us first assume that f € Q[[z]] and that the support of g is a
subset of Z[p~!]so. Note that Proposition 8.5 ensures that f and g are
p-regular. Let us prove that fg is p-regular.

We first claim that, letting N be an arbitrary positive integer, it is suffi-
cient to prove this for all f € Q[[2*" ]] instead of all f € Q[[z]]. To see this,
consider the decomposition

V-1

F= 3 2
1=0

with f;(2) € Q[[2]]. We have
pN-1

fa= > £y
=0

According to this formula and to Proposition 8.7, our claim will be estab-
lished if we can prove that, for all i € {0,...,p" — 1}, the series fi(sz) €
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@[[ZPN]] is p-regular. To prove this, let us first note that zifi(sz) is the
Hadamard product of f(z) with the characteristic series x;(z) of the language
given by

L ={we L, | ||w| = kp" +i for some k € Z=o}.

But, f(z) is p-regular and x;(z) is p-regular as well because £; is a regular
language. Now, the fact that fi(sz) is p-regular follows from the fact that
p-regularity is invariant by Hadamard products in virtue of Proposition 8.7.

So, we now assume that f € Q[[2%" ]]. We choose N € Zs so that the
support of ¢ is included in [0,p™] N Z[p~!]so (this is possible because the
support of g is included in Z[p~!]so and bounded by assumption). Set-
ting f(z) = X epp-11a, 427 and g(z) = X 1112, 9427, our choice of N
guarantees that

FR9z) = D) fanm9snm?

YEZ[p~1]>0

where an(y) and Sy(7y) are defined in Lemma 8.18. But it follows from
Lemma 8.18 that (foy(y))rezp-1]=0 @04 (98 (v))yezlp-1]so are p-regular and
it follows from Proposition 7.11 that (fo (v)98x () )rezp-1]s, 15 P-regular. So,
fg is p-regular. This concludes the proof of the lemma under the assumption
that f € Q[[2]] and that the support of g is a subset of Z[p~!]=o.

We now come to the general case. So, we let f be a quasi-p-regular
Puiseux series and g be a quasi-p-regular Hahn series with bounded support.
Consider v € Zs and d € Zs; such that 2 f(z%) € Q[[z]] and such that
the support of z¥g(z%) is included in Z[p~']sg. Since f and g are quasi-p-
regular, Proposition 8.4 implies that z¥f(2%) and 2”g(z?%) are p-regular. It
follows from the first part of the proof that z2”(fg)(z%) = (2 f(2%))(2"g(2%))
is p-regular. Therefore, fg is quasi-p-regular. O

Proof of Case (Reg) of Theorem 1.6. Suppose that f(z) is a p-Mahler Hahn
series satisfying (O€)3), (OQy4) or (OQ5). In particular, f(z) satisfies (O3)
and Proposition 6.2 implies that

f: Z fw§w7

wek

where £ c Ag is a finite set and the f,, are p-Mahler Puiseux series satis-
fying (©O3). By Corollary 8.10, the f,, are quasi-p-regular. Furthermore, by
Proposition 8.11, the &, are quasi-p-regular Puiseux series. Since the sup-
ports of the &, are bounded, we infer from Lemma 8.19 that the products
fwéw are quasi-p-regular. Proposition 8.7 ensures that f is quasi-p-regular.

Conversely, suppose that f(z) = 27 f27 is quasi-p-regular. Since, for
any v € Zso and d € Z>1, we have that f(z) satisfies (OQ3), (O€y) or
(O€Q3) if and only if 2 f(2?) satisfies the same property, we can assume
that f(z) is p-regular. Let (u,7,A) be a linear representation associated
to f(z). On the one hand, for any v € Q, we have den(y) = p", where
[Y]p = 1St wsep1---Sy. Thus, A(y) = u. On the other hand, it follows
from (9) that

R(rlsy - st wsea1 - 5)A) = Ou),
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where the underlying constant depends only on the height of the entries of
7, A and of the matrices p(0),...,u(p — 1), u(m). Then,

A(fy) = R(Tu(s1 - 5w ser1 - su)A) = O(u) = O(fi (7))

and f(z) satisfies (O3). Moreover, Proposition 8.15 ensures that f is p-
Mahler. Then, it follows from Theorem 1.4 that f(z) satisfies (O€3), (O€y)
or (O9s). O

Let us note the following consequence of Case (Reg) of Theorem 1.6.

Corollary 8.20. The set of p-reqular Hahn series is a Q[z]-algebra. The
set of quasi-p-reqular Hahn series is a Ky, -algebra.

Proof. In light of Proposition 8.7, it only remains to prove that the product
of two p-regular (resp. quasi-p-regular) series is p-regular (resp. quasi-p-
regular). Let f,g € 4 be quasi-p-regular series. It follows from Case (Reg)
of Theorem 1.6 that they satisfy (©O3). Consider the standard decomposition
(7) of f and g, say

f: Z fw£w7 and g = Z gw’{w’v
wekE w'eE!

where E, B’  Ag are finite sets. Theorem 5.1 implies that the Puiseux series
fw and g, satisfy (O3). Therefore, these Puiseux series are quasi-p-regular.
Since a product of p-regular power series is p-regular [AS92, Corollary 3.2],
a product of quasi-p-regular Puiseux series is quasi-p-regular. Thus, each
product f,g. is quasi-p-regular. We claim that each product £,,&, is quasi-
p-regular. Indeed, it is easily seen that £,£. is a linear combination over
@[z_%] of some Hahn series &, with w” € A; see [FR25, Proposition 13].
Since the latter are quasi-p-regular by Proposition 8.11 and since the set
of quasi-p-regular Hahn series is a Q-vector space, each product £, is
quasi-p-regular. Now, using Lemma 8.19, we get that the products

Jow9ur§wluwr

with (w,w’) € E x E’ are quasi-p-regular and, hence, fg is quasi-p-regular.

Suppose now that f and g are p-regular. Then, fg is quasi-p-regular by
the first part of the proof. Furthermore, it has support in Z[p~!]so. It
follows from Proposition 8.4 that fg is p-regular, as wanted. (]

8.6. Proof of Case (Aut) of Theorem 1.6. Recall that deterministic fi-
nite automata (DFAO) are defined in Section 7.4. We will freely use the
terminology and notations introduced there.

Definition 8.21. Consider a Hahn series f(z) = >} cq 427 € .
o We say that f(2) is p-automatic if supp(f) < Z[p~']s0 and if there
erists a DFAO M with input alphabet ., such that, for all v €
Z[p~ "0,
fy = gu(Ilp)-
o We say that f(z) is quasi-p-automatic if there exist v € Zso and
d € Zx1 such that z¥ f(2?) is p-automatic.

Proposition 8.22. We have the following properties relative to f(z) € H:
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o f(2) is p-automatic if and only if it is p-reqular and its coefficients
take finitely many values;

o f(2) is quasi-p-automatic if and only if it is quasi-p-reqular and its
coefficients take finitely many values.

Proof. The first statement follows immediately from Proposition 7.21.
The second statement follows from the fact that the following properties
are equivalent:
(1) f(z) is quasi-p-automatic;
(2) there exist v € Zxq and d € Zx; such that z¥ f(z¢) is p-automatic;
(3) there exist v € Z=g and d € Z>1 such that 2 f(z?) is p-regular and
its coefficients take only finitely many values;
(4) f(z) is quasi-p-regular and the coefficients of f(z) take only finitely
many values;

all the equivalences being easy, except the equivalence between the second
and third statements which follows from the first part of the proof. O

Remark 8.23. If f(z) € A is p-automatic, we may choose the DFAO given
in Definition 8.21 so that gpr(w) = 0 for any w ¢ Ly,. Indeed, the regularity
of the language L, (Proposition 7.6) implies that there is a DFAO whose
output function is the characteristic function of L,. Then the result follows
from [AS03, Corollary 5.4.5| or from Propositions 7.1 and 7.21.

We are now ready to prove the last part of Theorem 1.6.

Proof of Case (Aut) of Theorem 1.6. Suppose that f(z) is a p-Mahler Hahn
series satisfying (O€5). It follows from Case (Reg) of Theorem 1.6 that f(z)
is quasi-p-regular. Since f(z) satisfies (O€)5), the coefficients of f(z) take
finitely many values. Thus, it follows from Proposition 8.22 that f(z) is
quasi-p-automatic.

Conversely, suppose that f(z) is a quasi-p-automatic Hahn series. Then,
Proposition 8.22 ensures that the coefficients of f(z) take finitely many values
and, hence, it satisfies (O5). O

8.7. Minimal linear representation and the growth behaviors (O€3),
(O€Qy) and (ON5). It is shown in [ABS23| that one can distinguish between
properties (OQ3), (O€Qy4) and (O5) for a given p-regular power series f(z) €
Q[[2]] by looking at a minimal linear representation associated with f(z).
The aim of this section is to extend this result to Hahn series.

Let f(z) € S be p-regular and let (u,7,A) be a linear representation
associated to f(z). We say that this representation is minimal if there is no
linear representation associated to f(z) of smaller rank.

Let m = 1 be an integer and let I be a monoid of m x m square matrices
with entries in Q. Following [ABS23], we say that I is tame if every eigen-
value of every element of I is either 0 or a root of unity. Note that any finite
monoid of matrices is tame.

Theorem 8.24. Let f(z) € J be a quasi-p-regular Hahn series and let
v e Zso and d € Z=1 be such that 2 f(2%) has support in Z[p~']so. Let
(, T, A) be a minimal linear representation associated with z¥ f(z%). Then,
the following hold:
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o f(2) satisfies (OQ3) if and only if the monoid u(3; ) is not tame;

o f(2) satisfies (OSQ) if and only if the monoid u(%; ) is tame but
not finite;

o f(2) satisfies (OQ5) if and only if the monoid (¥} ) is finite.

Proof. Set g(z) = 2" f(z%) = 2eq9yZ7- By Definitions 7.10 and 8.1, we
have

gy = Ti([v]p)A
for all y € Z[p~']>0 and Tp(w)X = 0 for any w e ¥} \L,.

Suppose that M(E:,p) is not tame. Our proof is an adaptation of that of
[ABS23, Lemma 8.4]. Since p(X} ) is not tame, there exists a word wp € % ,
such that z(wp) has an eigenvalue p which is not a root of unity. Let v € Q™
be such that p(wg)v = pv. Since the representation is minimal, there exist
words wy, ..., wy, € X7, such that pu(wi)A, ..., p(wy, )X form a basis of Q™.
Let k1,...,km € Q be such that v = k(W)X + -+ + Kpp(wm)A. Again,
by minimality, there exists a word w € X7 ) such that Tu(w)v # 0. Then,
for any k € Z>1,

3 werpwuw) A = Ta(w)u(we) v = pra(w)y # 0.

i=1
Since p is not a root of unity, there exists a place v such that |p|, > 1. Then,
there exists a positive real number ¢y and an integer ¢ € {1, ..., m} such that
(39) |7 p(wwgwi) Al = colply

for any k in an infinite set § c Z~;. For any k € §, we have Tu(wwlgwi))\ #0
and, hence, wwkw; € L,. For any k € &, we set 7, = |wwhw;|. It follows
from (39) that there exists ¢; > 0 such that, for any k € &, fi(g,,) = cik.
Moreover, we have fi(v;) = O(k). Therefore, there exists ca > 0 such that,
for all k € &,
fi(gy,) = caft (k).

Therefore, g, € Q(fi(7y)). Moreover, since g is p-regular, we infer from Theo-
rem 1.6 that it satisfies (©3). Finally, g satisfies (O€3) and it follows from
Lemma 3.2 that f satisfies (OQs3).

Suppose now that p(X] ) is tame but not finite. Arguing as in the proof of
[ABS23, Lemma 9.2|, we obtain that the coefficients of g take infinitely many
distinct values. Thus, ¢ and, hence, f do not satisfy (O€Q5). Moreover, a
straightforward adaptation of the proof of (b)=(c) in [ABS23, Theorem 8.3|
shows that f satifies (©Q4). Thus, we infer from Theorem 1.4 that f satisfies
(Oy).

Finally, suppose that p(X7 ) is finite. Then the set {g, | v € Q} =
{fy | v € Q} is finite and, hence, f(2) satisfies (OQs). O

REFERENCES

[ABS23] B. Adamczewski, J. Bell, and D. Smertnig. A height gap theorem for coefficients
of Mahler functions. J. Eur. Math. Soc. (JEMS), 25(7):2525-2571, 2023.

[AS92]  Jean-Paul Allouche and Jeffrey Shallit. The ring of k-regular sequences. Theoret.
Comput. Sci., 98(2):163-197, 1992.

[AS03] J.-P. Allouche and J. Shallit. Automatic sequences. Cambridge University Press,
Cambridge, 2003. Theory, applications, generalizations.




HAHN SERIES AND MAHLER EQUATIONS: HEIGHT GAP THEOREM 47

[BR88] Jean Berstel and Christophe Reutenauer. Rational series and their languages,
volume 12 of EATCS Monographs on Theoretical Computer Science. Springer-
Verlag, Berlin, 1988.

[Dum93] P. Dumas. Récurrences mahlériennes, suites automatiques : études asympto-
tiques. Theése de doctorat. 1993.

[FH22] Clemens Fuchs and Sebastian Heintze. On the growth of multi-recurrences. Arch.
Math. (Basel), 119(5):489-494, 2022.

[FR25] C. Faverjon and J. Roques. A purity theorem for Mahler equations. To appear
in Proc. Lond. Math. Soc. (3), 2025.

[Ked17] Kiran S. Kedlaya. On the algebraicity of generalized power series. Beitr. Algebra
Geom., 58(3):499-527, 2017.

[KS86] Werner Kuich and Arto Salomaa. Semirings, automata, languages, volume 5 of
EATCS Monographs on Theoretical Computer Science. Springer-Verlag, Berlin,
1986.

[Rog21] J. Roques. On the local structure of Mahler systems. Int. Math. Res. Not. IMRN,
(13):9937-9957, 2021.

[Rog24] J. Roques. Frobenius method for Mahler equations. J. Math. Soc. Japan,
76(1):229-268, 2024.

[Sch03] W. M. Schmidt. Linear recurrence sequences. In Diophantine approximation
(Cetraro, 2000), volume 1819 of Lecture Notes in Math., pages 171-247.
Springer, Berlin, 2003.

[Walo0] M. Waldschmidt. Diophantine approximation on linear algebraic groups, vol-
ume 326 of Grundlehren der mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences|. Springer-Verlag, Berlin, 2000. Transcen-
dence properties of the exponential function in several variables.

UNIVERSITE CLAUDE BERNARD Lyon 1, CNRS, EcoLE CENTRALE DE Lyon, INSA
LyoN, UNIVERSITE JEAN MoNNET, ICJ UMR5208, 69622 VILLEURBANNE, FRANCE.
Email address: colin.faverjon@math.cnrs.fr

UNIVERSITE CLAUDE BERNARD Lyon 1, CNRS, EcoLE CENTRALE DE Lyon, INSA
LyoN, UNIVERSITE JEAN MoONNET, ICJ UMRS5208, 69622 VILLEURBANNE, FRANCE.
Email address: Julien.Roques@univ-lyonl.fr



	1. Introduction
	2. p-Mahler Hahn series
	3. Logarithmic Weil height, Conditions (Or) and (Or)
	4. A height gap theorem for multi-recurrence sequences
	5. A refined version of Theorem 1.4
	6. Proof of Theorem 1.9 
	7. p-Regular elements of KQ
	8. p-Regular and quasi-p-regular Hahn series. Proof of Theorem ??.
	References

